Chapter — one
The Rate of Change of a Function

1-1- Coordinates for the plane :

Cartesian Coordinate- Two number lines , one of them horizontal (called
x-axis ) and the other vertical ( called y-axis ). The point where the
lines cross is the origin . Each line is assumed to represent the real
number .

On the x-axis , the positive number a lies a units to the right of
the origin , and the negative number —a lies a units to the left of the
origin . On the y-axis , the positive number b lies b units above the
origin while the negative where —b lies b units below the origin .

With the axes in place , we assign a pair (a,b) of real number to
each point P in the plane . The number a is the number at the foot
of the perpendicular from P to the x-axis (called x-coordinate of P).
The number b is the number at the foot of the perpendicular from
P to the y-axis ( called y-coordinate of P).
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1-2- The Slope of a line :

Increments — When a particle moves from one position in the plane to
another , the net changes in the particle's coordinates are calculated
by subtracting the coordinates of the starting point ( x;, y; ) from
the coordinates of the stopping point (X,,Y.),
ie. Ax=x-X1, Ay=y>—-Vyi.

Slopes of nonvertical lines :

Let L be a nonvertical line in the plane ,
Let Pi(x;,y:)and P, (X5, Y,) be two points on L.
Then the slope m is :




m=Ay=yZ_yl where Ax#0
AX X, =X,

- A line that goes uphill as x increases has a positive slope . A line that
goes downhill as x increases has a negative slope .

- A horizontal line has slope zero because Ay =0 .

- The slope of a vertical line is undefined because Ax=0.

- Parallel lines have same slope .

- If neither of two perpendicular lines L; and L, is vertical , their slopes
m; and m, are related by the equation: m;. m,=-1 .

Angles of Inclination: The angle of inclination of a line that crosses the x-
axis is the smallest angle we get when we measure counter clock from the
x-axis around the point of intersection .

The slope of a line is the tangent of the line angle of inclination .
M =tan @ where @ is the angle of inclination .
- The angle of inclination of a horizontal line is taken to be 0°.
- Parallel lines have equal angle of inclination .
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EX-1- Find the slope of the line determined by two points A(2,1) and B(-1,3)
and find the common slope of the line perpendicular to AB.
Y= Yu 3-1 2

Sol.- Slope of AB is: m,. = = =-_=
- g P, -x, —-1-2 3

Slope of line perpendicular to ABis: — ! =§
My 2

EX-2- Use slopes to determine in each case whether the points are collinear
(lie on a common straight line ) :
a) A(1,0),B(0,1),C(2,1).
b) A(-3,-2), B(-2,0), C(-1,2), D(1,6) .



Sol. -
1—

o

=—1 and mg =;;é=0¢mAB

a) Myg =

o
[EEN

The points A, B and C are not lie on a common straight line .
0-(-2) 2-0 6-2

—:2 , Bc=—=2 , mCD=—=
-2-(-3) -1-(-2) 1-(-1)

Since Mag = Mgc = Mcp

Hence the points A, B, C, and D are collinear .

b) Myg =

1-3- Equations for lines : An equation for a line is an equation that is satisfied
by the coordinates of the points that lies on the line and is not satisfied by the
coordinates of the points that lie elsewhere .

Vertical lines : Every vertical line L has to cross the x-axis at some point
(@,0). The other points on L lie directly above or below (a,0) . This mean
that : x=a V(Xx,y)

Nonvertical lines : That point — slope equation of the line through the point
(X1,Yy1) withslopem is:
y=yir=m(X=Xg)
Horizontal lines : The standard equation for the horizontal line through the
point(a,b)is: y=b .

The distance from a point to a line : To calculate the distance d between the

point P(X;,Yy:) and Q(Xz,Y2) is:

A= =% Y +(¥, =y,
We use this formula when the coordinate axes are scaled in a common
unit .
To find the distance from the point P( Xy, y;) to the line L , we follow :
1. Find an equation for the line L' through P perpendicularto L :
y—y:=m'(X-X;) where m'=-1/m
2. Find the point Q( X, , Y, ) by solving the equation for L and L'
simultaneously .
3. Calculate the distance between P and Q .
The general linear equation :
Ax+ By =C where A and B not both zero.
EX-3 — Write an equation for the line that passes through point :
a) P(-1,3) withslopem=-2.
b) Py(-2,0)and P,(2,-2).
Sol.- a) y-yi=m(X-X) > y-3=-2(x-(-1) > y+2x=1

b)
m=y2_y1= _2_0 :—1
X,—X, 2—(-2) 2

y—y, =m(x-x, )= y—0=—%(x—(—2)):> 2y + X+2=0




EX-4 - Find the slope of the line : 3x + 4y =12.

w

0|.-y=—%x+3:> the slope is m=—%

EX-5- Find :
a) an equation for the line through P(2,1) parallelto L: y=x+2.
b) an equation for the line through P perpendicular to L .
c) thedistance from P to L.

|cn
=
-I

a)
since L,/Li=> m,=m =1 y-1=1(x-2) = y=x-1

b) Since L; and L; are perpendicular lines then :
m,=-1=> y-1=—(x-2)= y+x=3

c)

= 2

y=x+2 o x=1 and y=E = P(2,1) and Qi’i
y+x=3 2 2 2 2

=d=(Xg—% ) +(Yo—Yp)? =45

EX-6 — Find the angle of inclination of the line :  +/3x+ y=-3
Sol.-

y=—«/§x—3 = m=-3
m=tan®=-/3 = @&=120°

EX-7- Find the line through the point P(1, 4) with the angle of inclination
D=60° .
Sol.-

m=tanq§=tan60=«/§
y—4=x/§(x—1):> y=\/§X+4—\/§

EX-8- The pressure P experienced by a diver under water is related to the
diver's depth d by an equation of the form P=kd+ 1 wherek a
constant . When d =0 meters, the pressure is 1 atmosphere . The
pressure at 100 meters is about 10.94 atmosphere . Find the pressure
at 50 meters.

Sol- At P=10.94 and d=100 — 10.94 = k(100)+1 — k= 0.0994
P=00994d+1,at d=50 — P =0.0994*50 + 1 =5.97 atmo.



1-4- Functions : Function is any rule that assigns to each element in one set
some element from another set :

y=1(x)

The inputs make up the domain of the function , and the outputs make up
the function's range.

The variable x is called independent variable of the function , and the
variable y whose value depends on x is called the dependent variable of the
function .

We must keep two restrictions in mind when we define functions :

1. We never divide by zero .
2. We will deal with real — valued functions only.
Intervals :

The open interval is the set of all real numbers that be strictly between
two fixed numbers a and b:

(a,b)=a<x<b
The closed interval is the set of all real numbers that contain both

endpoints :
[a,b]=a<x<Db
Half open interval is the set of all real numbers that contain one

endpoint but not both :
[a,b)=a<x<Db

(a,b]=a<x<hb

Composition of functions : suppose that the outputs of a function f can be

used as inputs of a function g . We can then hook f and g together to

form a new function whose inputs are the inputs of f and whose outputs
are the numbers :

(90 F)(x)=g(f(x))

EX-9- Find the domain and range of each function :

a) y=+x+4 , b) yzé
c) y=49-x2 , d) y=+2-x

Sol.- a) x+420=> x>2-4= D,:Vx>2-4 , R :Vy20

y
b) x-2#0=> X#2= D, :VXx=#2

1 :
y= = X=—+2= R, :1Vy=z0

X—2 y
c) 9-x*>0=> -3<x<3= D,:-3<x<3
y=v9-x*>= X=F9-y?
since 9-y’>0=> -3<y<3

since y=>0 = R,:0<y<3



d) 2-JIx20= 0<x<4= D, :0<x<4
if x=0= y=x/§
if x=4= y=0

Find (gof)(x) and (f,g)(X) .
Sol.-

EX-10- Let f(x)=~ and g(x)=1+%

(gof)(x)=g(f(x))=g(ﬁJ=1+ 1 _2x-1

1 1+ —
(£,9)(x)= f(g(x))= f(l+;)=%=x+l

EX-11- Let (g,f)(x)=x and f(x)=% . Find g(x).

ol (9, 1)00=9( 1] =x= 900~

1-5- Limits and continuity :
Limits : The limit of F(t) as t approaches C isthe number L if:

Given any radius ¢ >0 about L there exists a radius ¢ >0 about
C suchthatforallt, 0<[t—C|<d implies |F(t)-L|<e and we

can write it as :
limF(t)=L

t—>C
The limit of a function F(t) as t—C never depend on what

happens when t=C.

Right hand limit : tIircn+ F(t)=L

The limit of the function F(t) ast —C from the right equals L if:
Givenany &> 0 (radius about L) there existsad > 0 (radiusto
the right of C ) such that for all t :

C<t<C+6=> |F(t)-L<e

Left hand limit : limF(t)=L

t>cC~

The limit of the function F(t) ast —C from the leftequal L if:
Given any ¢ > 0 there exists a 0 > 0 such that forall t :

C-d<t<C= |F(t)-Ll<e



Note that — A function F(t) has a limit at point C if and only if the right
hand and the left hand limits at C exist and equal . In symbols :
imF(t)=L < Iircn+ F(t)=L and tIirgl F(t)=L

t—> —C~

t—>C

The limit combinations theorems :
1) lim[F, (t)FF,(t)]=limF (t)FlimF,(t)
2) lim[F,(t)* F,(t)]=lim F,(t)* lim F,(t)
F,(t) limF,(t)
4) Iim[k'*Fl(t)]=k*IimF1(t) vk
5) lim>n9 _q

650 @

where |limF,(t)=0

provided that @ is measured in radius
The limits (in 1 —4) are all to be taken as t—C and F;(t) and F,(t) are
to be real functions .
Thm. -1 : The sandwich theorem : Suppose that f(t)< g(t)<h(t) forall
t#C in some interval about C and that f(t) and h(t) approaches the
same limit L ast—C , then:
ima(t)=L

Infinity as a limit :
1.The limit of the function f( x) as x approaches infinity is the number L:
limf(x)=L . If,givenany &> 0 thereexistsanumber M such that

X—>00

forall x : M<x = |f(x)-L<e.

2. The limit of f( x ) as x approaches negative infinity is the number L :
lim f(x)=L .If,givenany &> 0 there exists a number N such that

X—>—00

forallx : x<N = |[f(x)-L|<e.

The following facts are some times abbreviated by saying :
a) As x approaches 0 from the right, 1/x tendsto .
b) As x approaches O from the left, 1/x tendsto -«.
c) As x tends to o« , 1/x approachesO.
d) As x tends to -0 , 1/x approachesO.
Continuity :
Continuity at an interior point : A function y = f( x ) is continuous at an
interior point C of its domain if : )!ercl f(x)=1(C)

Continuity at an endpoint : A function y = f( x ) is continuous at a left
endpointa of its domain if: lim f(x)= f(a) .

A function y = f( x ) is continuous at a right endpoint b of its domain
if: tIlrp f(x)=f(b).



Continuous function : A function is continuous if it is continuous at
each point of its domain .

Discontinuity at a point : If a function f is not continuous at a point C,
we say that f is discontinuous at C , and call C a point of
discontinuity of f .

The continuity test : The function y=1f(x) iscontinuousat x=C if
and only if all three of the following statements are true :

1) f(C) exist (C isinthe domainof f ).

2) )!ercl f(x) exists( f hasalimitas x—C).

3) )!l_)rg f(x)= f(C) (the limit equals the function value) .

Thm.-2 : The limit combination theorem for continuous function :
If the function f and g are continuous at x = C , then all of the
following combinations are continuous at x=C :

1) f¥g 2) fg 3)kg Vk 4)g,f, f,g 5) fl/g

provided g(C)=#0
Thm.-3 : A function is continuous at every point at which it has a
derivative . Thatis, if y=f(x) hasaderivative f'(C) at x=C,
then f iscontinuousat x=C.

EX-12 - Find :
. 5x®+8x? . x*-a®
1 im—— , 2 lim
) 3x*-16x> ) x*-a*
3)  lim2eX 4y imian2y
x=0 SIN3 X y=0 3y
5)  lim—m2X . 6) |im(1+coslj
x=0 2X° + X X—>c0 X
3 2 _
7y lim 3x3+5x 7 8) Iim3¥+7
x>0 10X* —11x+5 yoo Y& —2
3
9) lim—2 "1 10)  lim
2@ 2X°=TX+3 x>-1" X+ 1
11) IimCos(l—%) , 12) IimSin(ECos(tanx)j
x—0 X x—0 2
SOL.-
. 5x°+8x* . 5x+8 0+8 1
l |||Tgﬁ= im 2 = = -
x>0 3X" —16Xx" x»03x°-16 0-16 2
2) Iimx3—a3_Iim (x—a)(x*+ax+a’)  a’+a’+a® 3
xoa x* —a' xoa(x-—a)(x+a)(x*+a’) (a+a)(a*+a’) 4a
5 Sin5x lim Sin5x
3) Iimi=i 50 5x 9
x>0 _Sin3x 3°,. Sin3x 3

lim
3x 3x=»0 33X




4) lim @2 _2 iy SN2Y 1 _2
y=0 3y 3 2y»0 2y y>0Cos2y 3
5) lim 12X g jim SM2X iy 1
x=0 2X2% + X 2x=0 22X x>0 2X + 1

6) Iim(l+Cos£)=1+CosO=2
X—00 X
3+§—L
3x®4+5x* -7 . X X3 3
x>0 10X —11X+5 xow 11 5 10
10-—+—
X® X
3.1
2
8) lim>Y ™ _jimY Y _9_¢
yoo Y -2 y—»ol_i 1
yZ
1
1— =
. x® -1 . X3 1
9) Ilim = lim =—=00
)Hw2x2—7x+5 x>0 2 7 5 0
7_7+7
X x> x°
10) lim —* LI

11) Ixi_r)TgCos[l—mJ - Cos(l— lim 5'—;"‘)= Cos0 =1

X x>0

12) lim Sin(%Cos(tan X )J - Sin[%Cos(tano )j - Sin[%Cost - Sin% =1

EX-13- Test continuity for the following function :

([ x2-1 —-1<x<0)
2X 0<x<l

f(x)=9 1 x=1
—-2X+4 1<x<L2

. 0 2<X<3

Sol.- We test the continuity at midpointsx =0, 1, 2 and endpoints x=-1, 3.
At x=0=> f(0)=2*0=0

Iirp_ f(x)=IXiLrg(x2—1)=—1

Iirgl+ f(x)=|xi_r)r32x=0¢ Iirgl_ f(x)

Since Ixing f(x) doesn't exist
Hence the function discontinuous at x=0



At x=1= f(1)=1
lim f(x)—I|m2x 2
Xﬁlllm f(x)—llm( —2X+4)=2= I|m f(x)=lim f(x)
Since lim £ (x)= (1) e
Hence the function is discontinuous at x=1
At x=2= f(2)=-2*2+4=0
Iim f(x)=|im(—2x+4)=0
XILT f(x)—llmO 0= I|m f(x)—xllinzf(x)
Since le_)rrgf(x)_f(Z) 0
Hence the function is continuous at x =2
At x=-1= f(-1)=(-1)*-1=0
XEr_r11+f(x)=xli_)r[11(x2—1)=0=f(—1)

Hence the function is continuous at x=-1

At x=3= f(3)=0
lim f(x)—llmO 0=1(3)

X—>3"

Hence the function is continuous at x=3

EX-14- What value should be assigned to a to make the function :

2
f(x)=1% -1 X<3l  continuousat x =37
2ax x=3

Sol. —

X—3

lim f(x)= I|m f(x):>I|m(x —1)—I|m2ax:> 8=6a=> a—%



Problems -1

. The steel in railroad track expands when heated . For the track
temperature encountered in normal outdoor use , the length S of a piece
of track is related to its temperature t by a linear equation . An
experiment with a piece of track gave the following measurements :

t,=65°F , S, =35 ft
t,=135°F , S,=35.16ft
Write a linear equation for the relation between S and t.
(ans.: S=0.0023t+34.85)

. Three of the following four points lie on a circle center the origin . Which
are they , and what is the radius of the circle ?
A(-1.7) , B(5,-5) , C(-7,5) and D(7,-1). (ans.: A,B,D;\50)

. A and B are the points (3,4) and (7,1) respectively . Use Pythagoras
theorem to prove that OA is perpendicular to AB . Calculate the slopes of
OA and AB, and find their product . (ans.: 4/3, -3/4;-1)

. P(-2,-4) , Q(-5,-2) , R(2,1) and S are the vertices of a parallelogram . Find

the coordinates of M , the point of intersection of the diagonals and of S.
(ans.: M(0,-3/2) , S(5,-1))

. Calculate the area of the triangle formed by the line 3x-7y+4 =0 , and the

axes . (ans.: 8/21)

. Find the equation of the straight line through P(7,5) perpendicular to the
straight line AB whose equation is 3x + 4y -16 =0 . Calculate the length of
the perpendicular from P and AB. (ans.: 3y-4x+13=0;5)

. L(-1,0) , M(3,7) and N(5,-2) are the mid-points of the sides BC , CA and AB
respectively of the triangle ABC. Find the equation of AB. (ans.:4y=7x-43)

. The straight line x —y - 6 =0 cuts the curve y*=8x at P and Q . Calculate
the length of PQ . (ans.:16V2)

. A line is drawn through the point (2,3) making an angle of 45° with the
positive direction of the x-axis and it meets the line x =6 at P . Find the
distance of P from the origin O , and the equation of the line through P
perpendicular to OP. (ans.: V85, 7y+6x-85=0)

10. The vertices of a quadrilateral ABCD are A(4,0) , B(14,11) , C(0,6) and

D(-10,-5) . Prove that the diagonals AC and BD bisect each other at right
angles , and that the length of BD is four times that of AC.

AR



11. The coordinates of the vertices A, B and C of the triangle ABC are (-3,7)
, (2,19) and (10,7) respectively :
a) Prove that the triangle is isosceles.
b) Calculate the length of the perpendicular from B to AC, and use it to
find the area of the triangle . (ans.:12,78)

12. Find the equations of the lines which pass through the point of
intersection of the lines x - 3y = 4 and 3x + y = 2 and are respectively
parallel and perpendicular to the line 3x + 4y =0.

(ans.:4y+3x+1=0;3y-4x+7=0)

13. Through the point A(1,5) is drawn a line parallel to the x-axis to meet at B
the line PQ whose equation is 3y = 2x - 5. Find the length of AB and the
sine of the angle between PQ and AB ; hence show that the length of the
perpendicular from A to PQis 18/v13 . Calculate the area of the triangle
formed by PQ and the axes . (ans.:9,2/\13,25/12)

2
14. Let y=X2—+i , express x in terms of y and find the values of y for

which x isreal . (ans.:x=$/y+i;y3—2 or y>1)
y_

15. Find the domain and range of each function :

a) y= L b) y= 1 c) -1
ST Tl dx Y= 3-x

(ans.:a)vx0<y<1; b)x=20,y>0; ¢c)x<3,y>0)

16. Find the points of intersection of xX* =4y and y =4x. (ans.:(0,0),(16,64))

17. Find the coordinates of the points at which the curves cut the axes :
a) y=x>-9x*> |, b) y=(x*=-1)(x*=9) , ¢) y=(x+1)(x=5)?
(anS.:a)(0,0);(0,0),(9,0);b)(0,9);(1,0),(-1,0),(3,0),(-3,0);c)(0,25);(-1,0),(5,0))

18. Letf(x) =ax+b and g(x) =cx +d . What condition must be satisfied by
the constants a, b, cand d to make f(g(x)) and g(f(x)) identical ?
(ans.:ad+b=bc+d)
19. A particle moves in the plane from (-2,5) to the y-axis in such away that
Ay = 3*Ax . Find its new coordinates . (ans.:(0,11),(0,-1))

20. If f(x) = 1/x and g(x)=1/\x , what are the domain of f, g, f+g,f-g, f.g,

flg, g/f,f,g and g.,f ? What is the domain of h(x) = g(x+4) ?
(ans.:Vx#0,vx>0,vx>0,vx>0,vx>0,vx>0,vyx>0,vyx>0,Vx>0;VXx>—-4)

'Y



Chapter two
Functions

2-1- Exponential and Logarithm functions :
Exponential functions : If a is a positive number and x is any number ,
we define the exponential function as :
y=a‘  with domain: -o<x<o
Range: y>0

The properties of the exponential functions are :

If a>0«< a*>0.

a.a¥=a".

alal=a*" .

(a*) = a".

(a.b)=a*.b".

a’ =¥a* =(¥a)* .

a*=1/a"and a*=1/a™ .

a‘=al o x=vy.

a’=1,

a’=w ,a”=0 , where a>1.
a’=0,a"=w , where a<l1.

The graph of the exponential function y=a" is:

©COoNOoO OhwbhE
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Logarithm function : If a is any positive number other than 1, then
the logarithm of x to the base a denoted by :
y = logax where x>0
At a=e=2.7182828... , we get the natural logarithm and denoted by :
y=Inx
Let x, y > 0 then the properties of logarithm functions are :
1. y=a" < x=logyy and y=¢" & x=Iny.
2. logex=Inx.
3. logxx=Inx/Ina .




w©oo~N O~

In(x.y)=Inx+1Iny .
In(x/y)=Inx-1Iny .
Inx"=n.Inx .

Ine=log,a=1and Inl1=1log,1=0 .
X — ;X Ina

al—e :

n x

e =X .

The graph of the function y=Inx is:

Yy
1.5 4

Application of exponential and logarithm functions :

We take Newton's law of cooling :

T-Ts=(To-Ts)e'"
where T is the temperature of the object at time t .
Ts is the surrounding temperature .
Ty is the initial temperature of the object .
k isaconstant .

EX-1- The temperature of an ingot of metal is 80 °C and the room

temperature is 20 °C . After twenty minutes, it was 70 °C .

a) What is the temperature will the metal be after 30 minutes?
b) What is the temperature will the metal be after two hours?
¢) When will the metal be 30 °C?

Sol. :

_In5-1In6

T-T,=(T,—T,)e™ = 50 =60e®* = k 2

= —0.0091
a) T —20=60e*(2%) -60*0.761=45.6 °C =T =65.6 °C
b) T-T,=60e™""" =60*0.335=20.1°C=T=40.1°C

c) 10=60e""" = -0.0091t=-In6=t=3.3hrs.



2-2- Trigonometric functions : When an angle of measure @ is placed in
standard position at the center of a circle of radius r , the trigonometric
functions of @ are defined by the equations :

1 1 y 1 _ Sind

Sin6’=l=— , C030=1=— , tan@ === =
r cscé r secé x Cot@ Coséd

A

A

<
<«

The following are some properties of these functions :

1) Sin’0+Cos’6=1

2) 1+tan®@=sec’d and 1+ Cot’d=csc’8
3) Sin(@F pB)=Sin@.Cosp +Cosh.Sing

4) Cos(@F pB)=CosO.Cosp +Sind.Sing

_ tan@ Ftan g
5) tan(0+p)=
) (6F5) l1+tan@.tan g

6) Sin28=2Sin@.Cosd and Cos28 =Cos*8 — Sin’8
1+ Cos26 1-Cos26
2

8) Sin(@i%)=$€os¢9 and Cos(@i%)=i8in0
9) Sin(-8)=-Sind and Cos(—8)=Cosf and tan(—6@)=-tané
10) Sine.Sinﬂ=%[Cos(9—ﬁ)—Cos(0+ﬂ)]

7) Cos’0= and Sin’g =

Cosé Cosp = % [Cos(6@ - B)+ Cos(6+ B)]

Sin# Cosp =%[Sin(0—ﬁ)+ Sin(8 + B)]



11) sing+sing=2sin?*

Sing — Sing = 2Cos 2"

B
B

12) Cos@ + Cosp = 2C030;ﬂ cos? =P
B

Cosd — Cospp = —2sin 2+

0 |olm/6lm/4\ /3| /2|
Sin0 |01/ |1N2[N32| 110
1
0

CosO| 1|32 | 1N2 |12 0 |-1
tan® N2 1 [V3 © |0

Graphs of the trigonometric functions are :

1.5 -
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y=Sinx D, :VXx
R,:-1<y<1



-1.5 -

y=Cosx D, :VX
R,:-1<y<1

v

-27 E T E 0

y=tanx D, ZVX¢2n+1

R, :Vy

T



B SRR R LR R

—'27r - : 0 : 2

y=Cotx D, :VX#nz
R, :Vy

2n+1

y=Secx D, :Vx#
R,:Vy=2lor y<-1

T



y=cscx D, :Vx#nz
R,:Vy=2lor y<-1

Where n=0,+17+2 F3,......

EX-2 - Solve the following equations , for values of # from 0° to 360°
inclusive .
a) tan 0=2Sin 6 b) 1 + Cos 0 =2 Sin’ 0

Sol.-
a) tand=2Sing= S'”Z — 2Sing

0S

= Sind(1-2Cosf)=0
either Sin@=0=6=0°,180°,360°
or Cos¢9=%:>6’=60°,3000

Therefore the required values of @ are 0°,60°,180°300°360° .

b) 1+ Cosf=2Sin’d=1+Cosf=2(1-Cos’0)
= (2Cosf - 1)(Cosf+1)=0

either Cos¢9=%:> 6 =60°,300°

or Cosf@=-1=60=180°

There the roots of the equation between 0° and 360° are 60°,180°
and 300°.



EX-3- If tan @ = 7/24, find without using tables the values of Sec# and Siné.

Sol.-
tan0=%=27—4:>r=x/72+242=25
\%
Sec¢9=L=§ and Sin0=l=l
X 24 r 25

Y¢
EX-4- Prove the following identities :

a) Cscé +tané.Secd =Csch.Sec’d
b) Cos*d - Sin*d=Cos’d — Sin’0
¢) Secf —Cscd tanéd + Cotd
tan® — Cotd  Sec + Cscd

a) LH.S.=CscO+tandSech=—r+md 1
Sin@ Cos@ Cosé@

2 .
=COS. 0+SI?0= _1 . 12 =CscH.Sec’0=R.H S.
Singd.Cos“6 Singd Cos“6
b) L.H.S.=Cos*d - Sin*0=(Cos’8 - Sin’4).(Cos*8 + Sin’H)
=Cos’8d — Sin’6=R.H .S.

1 1
") LHS.— Secd — Cscé _ Cosf " Sing _ 1
tand — Cot@ SIiné _ Cosé Sin@ + Cosé
C0501 Sing@
_ Sin’@ + Cos’0 Sing Cosd _ tan@ + Cotd _ RH.S
Sind + Cosé 1 Secd +Cscd
Sin@ Cos@

EX-5- Simplify _ when x=a.Cscé
x* —a’

! ! ! =1tan0 .

Jx2 —a? _«/aZCscze—az _ax/CotZO a

EX-6- Eliminate # from the equations :
1) x=aSind and y=Dbtand
i) x=2Sech# and y=Cos20
Sol.-

Sol.-




1) X =a.Sinfd = Sin0=§:>Csc¢9=

y=btan0:>tan0=%:> Cotd =

2 2
Since C5020=C0t20+1:>a—2=b—2+1
X y

<|ox|o

i) x=28ec¢9:>Cos¢9=E

X
y=Cos26 = y=Cos’0 — Sin*6

2_
y = 42—X 24:>x2y=8—x2
X X

EX-7- If tan’0 -2 tan’g =1 , show that 2 Cos’d — Cos’f=0.
Sol. -

tan’ @ —2tan* f=1= Sec’d-1-2(Sec’f-1)=1

— Sec?9—25ec?f=0= L
Cos’8 Cos°p

= 2Cos’f - Cos’ =0 Q.E.D.

EX-8- If aSinf@=p—-b Cos@® and b Sinf =q + a Cosf .Show that :
a2 +b2:p2 +q2
Sol.-
p=a.Sinfd +b.Cosd and q=Db.Sind—-a.Cosé
p® +q* =(aSind + bCosH)* + (bSind — aCos@ )?
=a’(Sin’@ + Cos’@)+ b?*(Cos?*0 + Sin’f)=a* + b?

EX-9-If SnA=4/5 and Cos B =12/13 ,where A is obtuse and B is
acute . Find , without tables , the values of :

a) Sin(A-B) , b)ytan(A-B) , c)tan(A+B).
Sol. -
5 13
4 A >
™ B
-3 12




a) Sin(A-B)=SinA.CosB — CosA.SinB
_412 35 _63
513 513 65

b) tan( A— B )= tan A—tan B
1+tan A.tanB
45
_ 3 12 __63
45 16
312
¢) tan( A+ B )= tan A+ tan B
1-tan A.tanB
_4. 5
__3 12_33
1+ﬂ.i 56
3 12

EX-10 — Prove the following identities:

a) Sin(A+B)+Sin(A-B)=2.SinA CosB
Sin(A+B)
CosA .CosB

SecA .SecB .CscA.CscB

CscA CscB — SecA.SecB

d) S!n20+C0520+1 _ Cotd
Sin260 -Cos260 +1

b) tanA+tanB =

c) Sec(A+B)=




Sol.-

a) L.H.S. =Sin(A+B)+Sin(A-B)
= SinA .CosB + CosA .SinB + SinA .CosB — CosA .SinB

= 2.S5inA CosB = R.H .S.
_Sin(A+B) _SinA CosB + CosA .SinB

b) RH.S. = -
CosA CosB CosA CosB
=tan A+tanB=L.H.S.
1 1 1 1
SecA .SecB .CscA .CscB CosA CosB "SinA "SinB
c) RHS = -
CscA .CscB — SecA .SecB 1 1 1 1
SinA 'SinB  CosA CosB
1 1
~ CosA CosB — SinA.SinB ~ Cos(A+B)
=Sec(A+B)=L.HS.
d) LHS. = Sin20+Cos20+1 2Sin®.Cos@ +(Cos’0—Sin’0)+1
S Sin20 —Cos26+1 2Sin#.Cos@—(Cos’d—Sin’0)+1

; 2
_ ZS|_n0.C030+2C<_3320 _ CF)SQ —CotO=RHS.
2SINn0.Cos@ +2Sin“‘d Sin@

EX-11 - Find , without using tables , the values of Sin 26 and Cos 26, when:
a)Sin0=3/5 , b) Cos0=12/13 , c) Sin0=-3/2 .

Sol. -
a)

Sin26 = 2.Sin6 .Cos@ = 2.§.($i)=47ﬁ
55 25

Cos20=Cos?0— Sin®0=(T2)* —(2)? = L
57 5’ 25

AR



b)

1y
. 5
)6 n g
d =
Sin26 = 2.5ing Cosd = 2(——)(—)_ 120
169
Cos26 = Cos’0 — Sin’6 = ( )_(—_) » 119
169
c)
- 1
0 0
-\3
5 5 -\3
Sin260 = 2Sin8 Coséd = 2(—@)(1%) ig
C0320=C0320—Sin20=($%)2—( g =_%

EX-12- Solve the following equations for values of @ from 0° to 360°
inclusive:
a) Cos20+Cos0+1=0 , D) 4tanf.tan20=1



a) Co0s260+Cosf+1=0= 2Cos’0—-1+Cosf+1=0
= Cos(2.Cosf +1)=0
either Cosd=0=6=90°,270°
or Cos¢9=—%:>0=120°,240°
6 = {90° 120° 240° ,270°}
b) 4.tan0.tan20=1:>4.tan0.ﬂ=l
1-tan® @
=9tan’ =1

either tan@= % =60 =18.4°,198.4°

or tan@= —% = 0=161.6°,341.6°
0 ={18.4°,161.6°,198.4° 341.6°}
2-3- The inverse trigonometric functions : The inverse trigonometric

functions arise in problems that require finding angles from side
measurements in triangles :

y=Sinx < x=Siny

y=Sin'x D, :-1<x<1
R, :-90<y<90



Chapter three
Derivatives

Let y=1f(x) beafunction of x . If the limit :
Yt ()= fim TXEA)= ) o AY
dx Ax—>0 AX Ax—0 AX

exists and is finite , we call this limit the derivative of f at x and say
that f is differentiable at x .

EX-1 - Find the derivative of the function: f(x)= L
2X+3
Sol.:
1 1
f,(x):L!XmLf(x+Ax)—f(x):“m\/Z(x+Ax)+3 J2x+3

AX Ax—0 AX

22X+ 3 2(x+ AX)+3 V2x+3+/2(x+Ax)+3
=lim :

B0 AX A[2( X+ AX )+ 32X+ 3 V2x+ 3 +/2( X+ Ax) + 3
_lim (2x+3)—(2(x+4Ax)+3)

B0 AX \[2( X+ AX )+ 32X+ 3(V2X + 3 +4/2( X+ Ax ) + 3)

-2 1

C(2x+3)(V2x+3+42x+3)  J(2x+3)°

Rules of derivatives : Let c and n are constants, u , v and w are
differentiable functions of x :

1. Cfl—xc=0

2 (?—Xu”=nu”‘1g—)‘g:>(?_x(%)=_u%d_g

3. éj—xcu=cg—)‘g

b - g g

d _ydv ., du
d—x(u.v)—u.dx+vdx

o



d _ v dw dv du
and d—x(u.v.w)— u.vd—x+ u.wd—x+v.wd—x
du dv

2

Voo — U
d(u)_ dx dx
&(Vj_ where v=0

Y

.. d . :
EX-2- Find % for the following functions :

a) y=(x*+1)° b) y=[(5-x)(4-2x)[

c) y=(2x>=3x*+6x)> d) y=£—i3+i4
, , X 2x X
X+ X)X —x+1 x° -1
e) y=( )(3 ) f)y=—7——
X X+ X-=2

a) d—y=5(x2+1)“.2x=10x(x2+1)4
dx
) j—i=2[(5—x)(4—2x)][—2(5—x)—(4—2x)]

=8(5-x)(2—-x)(2x-7)

c) SII—){=—5(2x3 —3x°4+6Xx)°(6Xx*-6Xx+6)

=-30(2x>-=3x*+6Xx)°(x*—=x+1)
d) y=12x‘1—4x‘3+3x“‘:>S—i’(=—12x4+12x“‘—12x‘5
dy 12 12 12
dX XZ X4 X5
e) y=(x+1)(x2—x+1):>

X3

=

dy _ (2= x+ 1)+ (x+1)(2x-1)]-3x3(x+1)(xX* ~x+1) __ 3

dx x5

dy _ 2x(x*+x-2)—-(x*-1)(2x+1)  x*-2x+1
dx (X*+x=2) (X2 4x=2)?

f)

X

4



The Chain Rule:

1. Suppose that h = g, f is the composite of the differentiable

functions y=g(t) and x=f(t) ,then h isa differentiable
functions of x whose derivative at each value of x is:

dy _dy , dx
dx dt ~dt
2. If y is adifferentiable function of t and t is differentiable

function of x , then y is a differentiable function of x :

_ _ dy _dy, dt
y=g(t) and t—f(x):dx—dt ix

EX-3 — Use the chain rule to express dy / dx in terms of xand y:

t2

a) y=t2+1 and t=+2x+1
b) y= and x=At+1
t°+1 ,
t-1 1
= d =—=-1 t t=2
c) vy (t+1) and X =3 a
d) y=1—1 and t= ! at x=2
t 1-x
Sol.-
t? dy 2t(t*+1)-2tt° 2t
a) Y= == 2 2 =2 2
t°+1 dt (t°+1) (t*+1)
1 1
S odt 1 - 1
t=(2x+1)? =>—==.(2x+1) 2 2=—=
( ) dx 2( ) V2x+1
dy dydt 2t 1 2/2x+1 1 1

dx dt'dx (241 Vax+l ((2x+1)+1) y2x+1 2(x+1)



_ dy _ 2t
b =(t2+1)'= 2L = 2t(t? +1)y%2=-——°
> odx 1 - 2
X=(4t+1)? => —=—(4t+1) 2.4 =
( ) dt 2( ) Jat+1
d_y_d_y;dx_ 2t 2 tv/4t+1

dx dt dt | (t2+1) Jatel  (£2+1)
x? -1 .2 1 xy*(x*-1)

4 T y? 4
x? -1
where Xx=+4t+1l=1t= 1
where y=— 2412t
t°+1 y
) _(t—ljz d_y_z(t—ljt+1—(t—1)_4(t—1)
T lt+1 dt  (t+1) (t+1)>  (t+1)°
:[d_y} =4(2—13)=i
dt |, (2+1)° 27
1 dx 2 dx 2 1
t? d t° dt |, 2° 4
{d_q _{d_y;d_x _i;(_ij__ﬁ
dx |,_, Ldt dt]_, 27 4 27
_ 11 _
d) t—l_X 1_7= 1 at x=2
iy 1y 1
y=1-7="%4 tzj[dtL_l‘(_l)Z‘l

t=(1—x)‘1:>g—;[<=—(1—x)‘2(—1)=ﬁ

ﬂ} -1 4
:[dx e (1-2)

dy | _|dy [i} 1=
|:dxi|x=2_|:dti|x=2. X X=2_l 1_1

Higher derivatives : If a function y = f( x ) possesses a derivative at every
point of some interval , we may form the function f *(x) and talk




about its derivate , if it has one . The procedure is formally identical
with that used before , that is :

2 ’ ’

d y=i(d_yj=if'(x)= lim f'(x+4x)- f'(x)
dx 2 dx \ dx dx Ax—>0 AX

if the limit exists .

This derivative is called the second derivative of y with respectto x.
It is written in a number of ways , for example,
d?f(x)

x?

In the same manner we may define third and higher derivatives ,
using similar notations . The nth derivative may be written :

d"y
(n) f(n) .
y 1 (X)’ an

y'",f"(X), or

EX-4- Find all derivatives of the following function :
y=3x3-4x% + 7x + 10

Sol.-
dy gy d°Y _1gx_
OIX_9x 8x+7 Ve =18x-8
3 4 5
d¥=18 , d?l/:o:dg:
dx dx dx

Sol.-
2
3 3 3
2X¥=—%—%x_2 :>S|1Ixz/=_x6“_8\/3;(_3



Implicit Differentiation: If the formula for f is an algebraic combination
of powers of x and y . To calculate the derivatives of these implicitly
defined functions , we simply differentiate both sides of the defining
equation with respect to x .

EX-6- Find g—y for the following functions:
X
a)xz.y2=x2+y2 b)(x+y)3+(x—y)3=x4+y4
)Y _2at PG d) xy + 2x -5y = 2 at P(3,2)
X_
Sol.
2 ﬂ 2 _ ﬂ ﬂ_X—XYZ
a)Xx (2ydx)+y (2x)—2x+2de:>dX— ”
X"y—-y
b)3(x+y)2(1+ﬂ)+3(x—y)2(1—ﬂ)=4x 4y32|ly
_dy_ 4x3 -3(x+y)? —3(x- y) _2x3 —3x? —3y?
dx 3(x+y) —3(x-y)*- dx 6xy—2y°
dy
(x - 2y)(1-—) (x=y)(1-2-*)
(x 2y)? dx X dx (3.1) 3
dy dy y+2_ |dy _2+2
d) x— 2-5—=0=>—="—— =2
)X +y+ dx :>dx 5—x:>[dx (3.2) " 5-3

Exponential functions : If u is any differentiable function of x , then :

7) dia =a'.Ina. 3;' and (;j—xe =g g)lj



d
EX-7 -Find &y for the following functions :

dx
a) y=2% b) y=2*.3*
c) y=(2") d) y=x2%
¢) y=e(x+e5x) f) y:e\/1+5x2

Sol.-

3x dy 3x

a) y=2"=_"==2"*3In2
dx

X QX X dy X

b) y=2*3"= y=6"=>=6".In6
dx

C) y=(2><)2:>y=22x:j_){=22xln2.2=22x+1|n2
a)y=x2" = j_i= x.2%In2.2x + 2% = 2 (2x%In2 + 1)

e) y=e(x+esx):ﬂze(x+esx)(l+5e5><)

dx
2 dy 2 1 - s BX
f)y=e®)V = 2 =M™V Z(145x%) 2.10x =" —
dx 2 V1+5x?
Logarithm functions : If u is any differentiable function of x , then :
d 1 du d 1 du
8) —log,u= — and ——Ilnu==.—
) dax 298" = Ina dx dx u dx
. dy . .
EX-8 — Find d— for the following functions :
X
a) y=|ogloe>< b) y=|095(x+1)2

¢) y=1log,(3x2+1)° d) y=[Inx*+2)

_(2x°—4)3.(2x*+3)?
T (7x®+4x=3)

e) y+In(xy)=1 fy



dy Ine 1

a) y=logge* = y=xlog,e=-=log, e =5 oo =17
) o _ 2
b) y=log,(x+1)* = 2|095(X+1):>dx (x+1)In5
y 3 6)( _ 18X

Cc 3log, (3x*+1)=-L =
) ¥ =3log, )= ox 3x?+1°In2  (3x*+1)In2

d 48x|In( x* + 2)[°
d)%:S[ZIn(x2+2)]2%.2x= [X(2+2 )

dy 1 1dy dy y
e Inx+Iny=1=— =0=>—=-
) v+ Inx+Iny :dx+x+y dx :dx x(y+1)

f) Iny=gln(2x3—4)+%ln(2x +3)-2In(7x*+4x-3)

ldy_2 6 x* L5 4x 21x* +4

ydx  3°2x° 2T +3 TTx+4x—3

dy 2x? 5X 21x* +4
=>-—==2 3 + 2 - 3

dx 2X° -4 2xX°+3 TX°+4x-3

Trigonometric functions : If u is any differentiable function of x , then :

9) dd sinu = cosu. g)‘i

10) —Xcosu = —sinu. g)‘g
11) gy tanu = sec 2. g_u
d _ du
12) %x cotu = —csc?u. dxd
a _ au
13) ax Secu secu.tanu. dx

14) éj—xcscu = —cscu.cotu. g)‘i

ady

q for the following functions :
X

EX-9- Find



a) y=tan(3x?*) b) y = (cscx + cotx)?

C) y=25in%—xCos% d) y=tan®(cosx)
e) x+tan(xy)=0 f) y=sec’x —tan’ x

Sol.-
a) g—i= sec?(3x%).6x=6x.sec’(3x?)
b) d_y= 2(csc x + cot X )(—csc X.cot X —€sc® X ) =—2¢sC X.(CSC X + cot X )?

) y —2cos X L1 [x( sin—- )2+cosx} X sinX

22 212772
d ) == 2.tan(cos><).sec2 (cosx).(—sinx)=-2.sinx.tan(cosx ).sec*(cosx)
2 2
e) 1+sec’(xy). (x—+y) 0= dy_ 1+ y.sec(xy) __Cos (xy)+y

dx X.sec’( xy) X

f) & Y _ 4sec® x.secx.tanx — 4tan’ x.sec? x = 4tanx.sec? x

EX-10- Prove that :

da du da du
a) dXtanu sec’ u. X b) ix secu = secu.tanu. X
Proof :
du - du
. Cosu.cosu.—,— —sinu.(=sinu)-~
a) LHS.= tanu=d sinu_ dx d
dx dx cosu cos’u
_cosu+sinu du__ 1 du_ 2y dU_pHs
cofu dx co2u dx dx
d d 1 1 . du
b LH.S.=—secu= = —sinu)——=
) dx _ dx cosu coszu( ) d
1 sinu du_ oo tanudU-RHS.
cosu cosu dx dx

The inverse trigonometric functions : If u is any differentiable function




of x , then:

d -1 - 1 du _
15) ddx sin u_mdxd l<ux<l1
d ane-1gy— 1 u _
16 ) g COS U= g7 dx l<ux<l
d 4ap-1,,__ 1 du
17 ) d()j( tan ™" u = 1+u12 dxd
d o anp-ly = u
18) %X cot™"u 1+1u2 dxd
19) Y sectus= u ul>1
20) Yesctu=-— 1 du ul>1
EX-11- Find j—y in each of the following functions :
X
a) y=cot‘1%+tan‘1§ b) y=sin" i;i
c) y=x.cos‘12x—%x/1—4x2 d) y=sec'5x
e) y=xIn(sec™x) f) y=3in2x
Sol. -
dy__ 1 _1 1 1__4
a) dx ne 22{ x2j+ x\2 2 4+x°
44 (3
b) d_y= 1 .(x+1).1—(x—1).1= 1
dx . % — 1) (x+1) (X +1)/x
_(x+1j
c) Yy 22 costax—t 28X _ostox
dx  1-4x? 4 J1-4x?
gy Yo 5 1

dX  5xV25x —1 |xp/25x? -1

10



dy X -1 1 -1
e) —— +In(sec X)= + In(sec™ x)
dx  sec” X]x]x/x - Vx%—1.sec™t x
d_y_ sin™!2x 2
f) dx_3 .In3.—1_4x2
EX-12- Prove that :
dgpiye_ 1 du d gty 1 du
a)dxsm u= o7 o b) OIXtan u 12 7 dx
Proof : a)
1
u
\y
1-u®
Lety=sin‘1u:>u—smy:>g—)u( cosyoI =+/1-u? dy
dy 1 du_ d 1 du
adrvis —:>—sm 'u= ==
J1-u? dx J1-u? dx
b)
1+ u?
u
\y
1
d_u du 2 Zﬂ
Let y=tan™ u:>du—tany:>dx sec’y. X (\/1+u ) X
g __1 du_d 1  du
:>dX_1+u dX dx atanTus= 1+ u? dx

11



Hyperbolic functions : If u is any differentiable function of x , then :

21) Y sinhu=coshu.du

dx dx
22) dl coshu = sinhu. g)‘:
23) di tanhu = sech?u g)‘i
24) dicothu— —csch?u gg
25) dlsechu——sechu tanhu. g)‘g
26) dicschu——csch u.cothu. g;‘

d
EX-13 - Find & for the following functions :

dx
a) y=coth(tanx) b) y=sin"(tanhx)
c) y=|n’tanh%’ d) y=x.sinh2x—%.cosh2x
e) y=sech’x f) y=csch®x

Sal. -

a) d—i =—csch®(tan x ).sec® x

b) sech®x  __sech®x
dX J1-tanh?x  +sech?x

=sech x

1

cosh? X
1 . sechzg : i
tanhi smh§

1_
¢) dx 2

2.

X
cosh >

1 =1 =csch X

T X X sinhx
2sinh > .cosh >

12



d) g—i= xcosh2x.2 + sinh2x — L sinh2x.2 = 2xcosh 2x

2
e) ﬂ=3sech2x(—sech X.tanh x ) = —3sech®x.tanh x
dx
gy
d

f) dx = 2csch x(—csch x.coth x ) =—2csc h® x.coth x

EX-14- Show that the functions :
x=—LsinhL and sinh t +cosh—

oy A y=psinh e

Taken together , satisfy the dlfferentlal equatlons :

) +2d—y+x 0 and

dt ") dt dt + y=0
Proof -
dx 2 t
x=——smh—:>— —=cosh—=
V3T 3 3 V3

1 dy 1 t 1 t
=—smh—+cosh—:> =-—=cosh sinh
TR T

3 V3 \/3 V3
dy t 2 t 2 t
I —+2—+x ——cosh—+ cosh inh smh

2
I)—-—2=—-——= —cosh— cosI“ smr‘ smI“ +cosh— 0
)dt dt J3 f \f ( f f J3

EX-15 - Prove that :

a)itanhu = sec hzu.d—u and b)isech u=-sechu.tanh u.d—u
dx dx dx

dx
Proof-
du du
) coshu.coshu.—= — sinhu.sinhu.
a) itanhu=i(smhuj= dx_ dx
dx dx \ coshu ] cosh”u
200 cinh2 ) U
B (cosh® u - sinh u)OI 1 du  cechly. du
B 2 2y dx “dx
cosh“u ~ cosh?u "dx
d 1 _ 1 du _ du
b) dx coshU —  coshZs .sinhu. I —sechu.tanhu. i

13



The inverse hyperbolic functions : If u is any differentiable function of x ,
then :

sinhly=—_1__du

'\/1EI|-—U dx
NE dx

27)

d
dx
28) dicosh‘1 u=

d 1, _ 1 d_u
29) getanh™u=——-5 7 dx u<1
d coth-ty=_1 du
30) coth U=T—""7"dx u>1
31) Y sechlu= 1 __du
dd TN dx
32) ——cschlu=- 1
dx U1+ u? dX
., dy . .
EX-16 - Find d_x for the following functions :
a) y=cosh™(secx) b) y=tanh*(cosx)
c) y=coth™(secx) d) y=sech™(sin2x)
Sol.-
a) dy _ secx.tanx _ secx.tanx =secx where tanx>0

X Jsec?x—-1  +tan®x
b dy _ —sinx _—smx
) = =
dx 1-cos’x sin®x
¢) ﬂ=secx.tanx_secxtanx
dx 1-sec’x  —tan®x
d) ay _ 2.00S 2X

dx  sin 2XA1—sin?2x

EX-17 — Verify the following formulas :

=—CSCX

—CSC X

=-2csc2X where cos2x>0

d 1 du
a) cosh u= Joi o1 dx
d __ 1 du
b) S tanh™ U= iy u<1

14



Proof
a) Let y=cosh’u=>u=coshy
du dy  dy__ 1 du
dx SInhyd dx — sinhy "dx
cosh® y—sinh* y=1=u® —sinh’ y=1=sinhy=+u® -1
dy 1 du_,  d 1 du
X~ Jg o1 dx:> cosh™u= =
b) Let y=tanh"u=>u=tanhy
du 2y dy _dy_ 1 du
dx MY = dx T sechiy dx
sech’y +tanh’ y=1=>sech’y+ u*=1=>sech’y =1-u?
dy 1 du__d 1 du

== -1 et ==
ax ~1_ 07 dx :>dxtanh u -0 dx

The derivatives of functions like u’ : Where u and v are differentiable
functions of x , are found by logarithmic differentiation :
Let y=u"=Iny=v.Inu

1 dy v du dv
y dx  udx Ir]udx

dy v du dv}
dx_y[u dx+|nu dx

d ,v_,v|V du dv
33) oy =u '[U'W + Inu. dx}

EX-18- Find d_y for :
— dx

a)y=x b) y = (Inx + x)*™
Sol. -

1 dy _ cosx
y dx

a) y=x"*=lIny=cosx.Inx= = + Inx.(=sinx)

_dy _ feosx
dx =Yy ~ sinx.In x

or by formula , Where u=xandvs= cosx

dy _ T'cosx

= —sinx.In x
dx y_

15



tan x

b) y=(nx+x)""=Iny=tanx.In(Inx + x)
1 dy _ tanx (L
y dx Inx+x "X
dy [(x+1).tanx

+1)+In(Inx + x).sec” x

= +In(Inx + x).sec? x}

dx 7| x(Inx+ x)
or by formula ,where u=Inx + x and v = tanx
dy _ tanx 1 2 }
dX_y.[InXJrX(X+1)+In(lnx+x).sec X
_ | (x+1)tanx )
_y.[ X(In %+ X) + In(In X + x).sec” x

16



Problems -3

1. Find dy for the following functions :

dx
1) y=(x-3)(1-x) (ans.:4-2x)
2) y=a)(7):rb (ans.:—%
_3x+4 : 1
3) y_2x+3 (ans..(2X+3)2)
4) y=3x3—2«/;+% (ans.:9x2—%—%)
2
3(x° -1
5) y=(x/x3 —\/)1(*3} (ans.:%)
6) y=(2x—1)2(3x+2)3+;2 (ans.:(2x—1)(3x+2)2(30x—1)— 2 3)
(x-2) (x-2)
7)  y=In(Inx) (ans.:— Ilnx)
8) y =In(Cosx) (ans.:—ianx)
9)  y=Sinx’ (ans.:3x*.Cosx®)
: 2
10)  y=Cos?(5x*+2) (ans.: 30x.84|n(5§< +4))
Cos’(5x“+4)
11) y=tanx.sinx (ans.: Sinx + tan x.Secx)
12) y=tan(Secx) (ans.: Sec’( Secx ).Secx.tan x )
_ 3 X+1 . 6 2f X+1 2 X+1
13) y=Cot (x—l) (ans..(x_l)2 Cot (X_l).Csc (x—l))
14) y= Cc))(sx (ans_:_x.slnijCosx)
2
15) y=+tany2x+7 (ans.: Sec’v2Xx+7 )
2A/2X + T tan~/2X +7
16) y= x*.Sinx (ans.: x*.Cosx + 2x.Sinx)
2 f
17) y=Csc *+/5x (ans.: J5_ C0t2 OX )
3VOX ooeafBx
18) y = x[Sin(Inx)+ Cos(In x)] (ans.: 2.Cos(Inx))

17



P . 10x
19) y=Sin"(5x%) (ans.: ——=2—)
\V1-25x*
_ -t 1+ X 1
20) y=_Cot (1_)() (ans.: 1+x2)
- 6 X
21)  y=tan"V4x® -2 (ans.: )
—1W4x® -2
22)  y=Sec(3x2+1) (ans 18X )
]3x +1’\/(3x +1)° -1
23 Sin™t X 2 gagt X ax - x° 1 x
) y=Sin 2—x+X .Sec > (ans.: \/ +\/X2_4+2x.Sec ;)
(2-x) (2—x) —x!

2(Cos™2x —Sin™2x)

24) y=Sin"2x.Cos™2x (ans.: )
V1-4x?
25) y= X(X+1)(X 2) (ans.:l|:i+ L 22X — i|)
(X +1)(2x+3) 3l x x+1 x-2 x“4+1 2x+3
_ 1
26 =tan " (Inx ans.:
) y=tanTlinx) ans.  arinx)y)’
3 _ /sinX.cos x 3y cotx _tanx 2
3 — - - -
21) y° = 1+ 2.Inx (ans.: 4( 2 x(1+2lnx)))
5 -1
28 —_xlan_X ans.: 2y(14 + L .
) (3-2x)3/x ( y(3X (1+ x?).tan™' x 3—2x))
29) y=sec e (ans.:#)
et -1
30 = (cos x ) ans.: y Incos x — 2x.tan x
) y=(cosx) ( 2&( )
31) y=(sinx)®" (ans.: y(1+ sec? x.Insinx))
32) y=\/2x2+cosh2(5x) (ans.: 2X +5cosh(5x).sinh(5x)
J2x% + cosh?(5x)
33) y=sinh(cos2x) (ans.:-2sin2x. cosh(cost))
34) y=csch% (ans.: 1 csch1 cothL )

35) y=x2.tanh?+/x (ans.: xtanh«/_(«/—sechzx/_+2tanh«/—))

18



36) y=In sinX.CosX + tan® x (ans. cos” x —sin’ x + 3tan” x.sec’ x _ 1 )
Jx Sinx.cosx + tan® x 2X
37) y=log, sinx (ans.:%
38) y=eX" (ans.: (2x—5e% e =")
39) y=gXtn (ans.: (x%sec? x + 2xtanx )e* ™)
CSCv/ 2X+3
40) y=75F3 (ans.: =L Np N7 csev2x + 3 .coty/2x + 3)
X +
41)  y=[In(x>+2)]cos x (ans.:A'))((Z'C—OSZ)(—ZIn(x2 +2)sinx)
+
42) y=sinh™(tanx) (ans.:|secx|)
. In x
43) y=41+(nx) (ans.: )
XA/1+ (Inx)?
e eX(xInx-1)
44) y= Inx (ans.: x(Inx )’ )
3
45) y=x%log,(3-2x) (ans.:3x’log,(3-2x)- (3_22);)”]2)
_ aX X o7 . X
46) y=2cosh 2+ > X° =4 (ans..m)

2. Verify the following derivatives :
da [Xx 4+ -+ Y |=g__L
a) dx[5X+( x+&)} 6 v
d 2 1 2
b) —[vVx(ax®+bx+c)|l=——(5ax" +3bx+cC
) =2 )

3. Find the derivative of y with respect to x in the following functions :

u? 3 . 18X2y2
a) y= and u=3x"-2 ans. . —————
)Y u®+1 ( (3x3—2)3)
b) y=J/u+2u and u=x?-3 (ans.: 2X 3+4x)
X —
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4. Find the second derivative for the following functions :

a) y=(><+i)3 (ans.:6x+%+l—§
X 7 X X
2+/2 .1
b) f(x)=+2X+ at x=2 ans.:--
) f(x) = (ans.: )
3
c) X*—=2xy+y?*—16x=0 (ans.:¥x 2)
5. Find the third derivative of the function :
—Jx? .3
y=+/X (ans.: 3y )
6. Show for y=% that y"=V(Vu el );32\/ (w-w')
7. Showfory=u.v that y"' =uv'" +3u'v'+3u"v' +u"v.
8. Show that y=35x" —30x* + 3 satisfies (1—x*)y"'-2xy'+20y=0.
9. Find 3—3’( for the following implicit functions :

20



5y2_3 3x° +5y2x‘2+4\/7
< .

a) X 44x4y - (ans.:

1OX_1y_27X
Y
b) Jxy+1l=y (ans.:—y )
2/Xy — X

3
2

c) 3xy=(x*+y*)
(1+y®)(3x*+tan™ y))
1+ y? —x
YW= (x=y) +41-0y)°
V1= () = xy1-(x-y)’

sec’ x—y°® .cos( Xy )

d) x*+xtanty=y (ans.:

e) sin'(xy)=cos(x-y) (ans.:

f) y®.sin( xy)=tanx (ans.: 2y sin(xy) + Xy .C05( xy)
g) sinhy=tan?®x (ans.: 2 tago);hsi/c X
10. Prove the following formulas :

a) dd cot u = —csczu.g—)li

b) dd—cscu=—cscucotug—)li

c) dd—os‘1u=— —1 g)‘j

d) d0>|< sec ~tu = |u|«/7 g)‘i

e) dd—smh u=cosh u. g)‘i

f) dd7cschu=—cschucothug)lj

9) ddTSinh‘lu=\/ﬁ.g)‘i

h) %sec h‘lu=—|u| ﬁ—u g)‘j

11. Show that the tangent to the hyperbola x*- y* = 1 at the point
P(coshu, sinhu) , cuts the x-axis at the point ( sechu, 0 ) and
except when vertical , cuts the y-axis at the point (0, -cschu ) .
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Chapter four

Applications of derivatives

4-1- L '"Hopital rule :

Suppose that f(x,) =9 (X,) =0 and that the functions f and
g are both differentiable on an open interval ( a , b ) that
contains the point X, . Suppose also that g'(x)#0 at every
pointin (a, b) except possibly x, . Then :

f(x) . f(x)
lim——==lim—
= g(X)  ox G(X)
Differentiate f and g as long as you still get the form %or%
at X =X, . Stop differentiating as soon as you get something else .
L'Hopital's rule does not apply when either the numerator or
denominator has a finite non-zero limit ..
EX-1 - Evaluate the following limits :

. 2
1) limSinx 2) lim¥X_+5=3

provided the limit exists .

x>0 X X—2 )(2 -4
3) limX=SinX 4) lim-(x-Z ) anx
x—0 x? X_)f
Sol. -
1) lim S'QX :% using L' Hoptal's rule =
=limESX = cos0=1
x—0 1
2) “X S 3 9 using L' Hoptal's rule =
x—>2 x> O
x
Vx*+5 1 1

=lim = |lim - =

X—>2 2X x=>2 9 /X +5 24/4+5 6

3) Iirrgx_isgnx:% using L' Hoptal's rule =
X—> X

= lim21=005X . 0 5ing L' Hopital' s rule =
T S 1"

lim SINX _ 1

TBa X 6



4) Iim—(x—%)tanx:O.oo we can't using L' Hoptal's rule =

X—)?
x-7 0
= lim- Jdimsinx= = using L' Hopital's rule =
x> COSX 4o 0
= lim——2X  limsinx=—L_ sinZ =1

2

4-2- The slope of the curve :
Secant to the curve is a line through two points on a curve.
Slopes and tangent lines :
1. we start with what we can calculate , namely the slope of
secant through P and a point Q nearby on the curve .
2. we find the limiting value of the secant slope ( if it exists ) as
Q approaches p along the curve .
3. we take this number to be the slope of the curve at P and
define the tangent to the curve at P to be the line through p
with this slope .
The derivative of the function f is the slope of the curve :
dy
dx

the slope=m=f'(x)=

EX-2- Write an equation for the tangent line at x = 3 of the
curve :

_ 1
reo= V2x+3

Sol.-
— fu — _ l _3= fl 3 —__ l
m=F0=— s = [m], ;= (3)=-5

f(3)=——2 -1
J2*3+3 3

The equation of the tangent line is :
11 =
y 3 27(x 3)=>27y+x=12



4-3- Velocity and acceleration and other rates of changes :
- The average velocity of a body moving along a line is :

v _As  f(t+4t)- f(t) displacement

YooAt At time travelled
The instantaneous velocity of a body moving along a line is
the derivative of its position s=f(t) with respect to time t .

: ds . 4s

ie. v=—=Ilim—

dt 4t-0 At

- The rate at which the particle’s velocity increase is called its
acceleration a . If a particle has an initial velocity v and a

constant acceleration a, then its velocity after timet isv + at.

. AV
average acceleration = aav = ]

The acceleration at an instant is the limit of the average
acceleration for an interval following that instant , as the
interval tends to zero .

. . Av
ie. a=Ilim—
At—0 At
- The average rate of a change in a function y=f(x) over the
interval from x to X+ 4x is:

f(x+A4x)— f(x)

AX
The instantaneous rate of change of f at x is the derivative.
. F(x+4x)— (X
f'(x)=Ilim ( A) (x) provided the limit exists .
Ax—0 X

average rate of change =

EX-3- The position s ( in meters ) of a moving body as a
function of time t (insecond)is: s=2t"+5t—-3 ;find:
a) The displacement and average velocity for the time

interval from t=0 tot=2 seconds.
b) The body’s velocity att =2 seconds.



Sol.-
a) 1) As=s(t+At)—s(t)=2(t+4t)% +5(t+4t)—3-[2t> + 5t 3]
= (4t +5)At + 2(At)?
att=0and At=2=>As=(4*0+5)*2+2*2°=18

_As _ (4t+5)At+2(4t)’
W= g T i =4t +5+ 2.4t
att=0 and At=2=v,=4*0+5+2*2=9

b) v(t)=%f(t)=4t+5
V(2)=4*2+5=13

2) Vv

EX-4- A particle moves along a straight line so that after t
(seconds) , its distance from O a fixed point on the line is s
(meters) , where s=1"—3t"+ 2t :

1) when is the particle at O ?

1) what is its velocity and acceleration at these times ?
li)what is its average velocity during the first second ?

Iv) what is its average acceleration between t=0andt=27?

Sol. -

i) at s=0=t"-3t'+2t=0=t(t—-1)(t-2)=0

either t=0 or t=1or t=2 sec.

i) velocity=v(t)=3t"-6t+2=v(0)=2m/s
=Vv(1l)=-1Im/s
=Vv(2)=2m/s

acceleration=a(t)=6t-6=a(0)=-6m/s’
=a(l)=0m/s’
=a(2)=6m/¢s’

_4As _s(1)-s(0) _1-3+2-0
v A 1-0 1

_Av_Vv(2)-v(0) 2-2 2
=4= 2.0 ~ 2 —Om/s

=0m/s

i) v

iv) a,



4-4- Maxima and Minima :
Increasing and decreasing function : Let f be defined on an
interval and x; , X, denoted a number on that interval :

- If f(xy) < f(x;) when ever x; <X, then f is increasing on that
interval .

- If f(xy) > f(x;) when ever x; <X, then f is decreasing on that
interval .

- If f(x,) = f(x,) for all values of x;, X, then f is constant on
that interval .

The first derivative test for rise and fall : Suppose that a

function f has a derivative at every point x of an interval I.

Then :

- f increaseson 1| if f'(x)>0, Vxel

- f decreaseson | if f'(x)>0, Vxel

If f'changes from positive to negative values as x passes from
left to right through a point ¢ , then the value of f at cis a
local maximum value of f , as shown in below figure . That is
f(c) is the largest value the function takes in the immediate
neighborhood at x=c.

=0
f incredsing f dexreasing f increasihg
f'=0
+ + - - - - + + + .
a f'>0c f'<0 d f'>0 b

Similarly , if f' changes from negative to positive values as x
passes left to right through a point d , then the value of f at d
is a local minimum value of f . Thatis f(d) is the smallest value
of f takes in the immediate neighborhood of d.

3
EX-5 — Graph the function : y= f(x)=%—2x2+3x+2 .
Sol.- f'(x)=%x*-4x+3=>(x-1)(x-3)=0=>x=1,3



v

f'exy + + + 1 - - - -3+ o+ o+

Min.

The function has a local maximum at x = 1 and a local
minimumat x=3.
To get a more accurate curve , we take :

x |01 [2 [37]a4
fix) |2 3.3 |27 |2 |33

Then the graph of the function is :
s P
o |

25

2 F

15 F
i
05 E
5 X
O - 1 1) l—>
0 2 4 6

Concave down and concave up : The graph of a differentiable
function y=1f(x) isconcave down on an interval where f'
decreases , and concave up on an interval where f' increases.

The second derivative test for concavity : The graph of y=1(x)
Is concave down on any interval where y*' <0, concave up on
any interval where y'>0.

Point of inflection : A point on the curve where the concavity
changes is called a point of inflection . Thus , a point of

inflection on a twice — differentiable curve is a point where
y*' Is positive on one side and negative on other , i.e. y"'=0.




1
EX-6 — Sketch the curve : y=g(x3 —6x° +9Xx+6) .

Sal. -

y'=%x2—2x+%=02> x?2—4x+3=0=(x-1)(x-3)=0= x=1,3

Y'=x-2=atx=1= y"=1-2=-1<0concave down.
—>atx=3=>Yy"'=3-2>0 concave up .
=aty"'=0= x-2=0= x=2 point of inflection .

x |01 |2 |3 |4
y [1 /17 |13 |1 |17

Yok

1.6 4

1.4 4

1.2 1
14

0.8 -

0.6 4

0.4 1

0.2 1 X
0 T '_>

0 1 2 3 4 5

EX-7 — What value of a makes the function :

f(x)= x2+% , have :
1) a local minimumatx =27
i) a local minimumat x =-3 ?
1ii) a point of inflectionat x =1 ?
Iv) show that the function can’t have a local maximum
for any value of a..
Sol. —

2a
3

2
—0=a=2x3and Ol—y=2+

a df a
NG dx 2 X

f x24T oy
(x)x+X:>dX X



2 *
i) atx=2-a=2%8=16and o I =2+ 2216 = 6> 0 Mini.

dx
2

i) atx=-3:>a=2(-3)3= d :=2+% 6 >0 Mini.

2
i) atx= 1:>u 2428 _0=sqa=-1

dx 1 ;
iv) a=2x3 :>d 2f—2+2(2§ )=6>0

(ZjX X

Since e >0 for all value of x in a=2x3.
X

Hence the function don’t have a local maximum .

EX-8 — What are the best dimensions (use the least material)
for a tin can which is to be in the form of a right circular
cylinder and is to hold 1 gallon (231 cubic inches ) ?

Sol. — The volume of the can is : /—\
r
231 D

Vv=rxrih=231= h=-2%

zr?

Lv

where r is radius, his height .
The total area of the outer surface
( top, bottom , and side) is : v v

A=2ar2 + 27th =272 + 271 231 5 A= onp2 4 262

m,2 r

?j_':‘=4m %—0:r—33252|nches

)
2

A 2924 v 924 3771450 = min.

dr? r3 (3.3252)°

h = 231 _ 22 231 = 6.6474 inches
ar? 7(3.325.2)2

The dimensions of the can of volume 1 gallon have
minimum surface area are :
r=3.3252in. and h=26.6474In.




EX-9 — A wire of length L is cut into two pieces , one being
bent to form a square and the other to form an equilateral
triangle . How should the wire be cut :

a) if the sum of the two areas is minimum.
b) if the sum of the two areas is maximum.
Sol. : Let x is a length of square.
2y is the edge of triangle .
X

X X 2y/ h 2y

y y
X

The perimeteris p=4x+6y=L= x=%(L—6y).

(2y)?=y?+h?=h=+/3y fromtriangle .
The total area is A= x* + yh=%(L—6y)2 + y/3y

:>A=%(L—6y)2+«/§y2

dA _ -3 3L
dA_=3(| _gy)+23y=0=y-— 3L _
dy 4 ( Y) y Y= 18183
d°’A_9 .
0y’ _2+2\/§>0:>m|n.
ol . oL
a) To minimized total areas cut for triangle 6y =—"——
) J y 9+4«/§
And for square L — oL _ _ 443L

9+44/3 9+443

b) To maximized the value of A on endpoints of the interval
0<4x<L=>0<x<L

4
L L |2
atx=0=y=—andh=—=oA =——
' 23 7" 1243
_L_ - _L
at x—4:>y—0:>A2_16
] _LZ B LZ
Since A, = 16 > A = 23

Hence the wire should not be cut at all but should be
bent into a square .



Problems -4

1. Find the velocity v if a particle's position at time t is s = 180t — 16t
When does the velocity vanish ? (ans.: 5.625)

2. If a ball is thrown straight up with a velocity of 32 ft./sec. , its high
after t sec. is given by the equation s = 32t - 16t> . At what instant
will the ball be at its highest point ? and how high will it rise ?

(ans.: 1, 16)

3. A stone is thrown vertically upwards at 35 m./sec. . Its height is :
s = 35t — 4.9t* in meter above the point of projection where t is
time in second later :
a) What is the distance moved, and the average velocity during the
3"“sec. (fromt=2 tot=3)7?
b) Find the average velocity for the intervalst=2tot=25, t=2
tot=21;t=2 to t=2+h.
c) Deduce the actual velocity at the end of the 2" sec. .
(ans.: a) 10.5, 10.5 ; b) 12.95, 14.91, 15.4-4.9n , c) 15.4)

4. A stone is thrown vertically upwards at 24.5 m./sec. from a point
on the level with but just beyond a cliff ledge . Its height above the
ledge t sec. later is 4.9t (5-t) m.. If its velocity is v m./sec. ,
differentiate to find v in terms of t :

1) when is the stone at the ledge level ?
i) find its height and velocity after 1,2, 3,and 6 sec..
I1i) what meaning is attached to negative value of s ? a negative
value of v?
Iv) when is the stone momentarily at rest ? what is the greatest
height reached ?
v) find the total distance moved during the 3" sec. .
(ans.:v=24.5-9.8¢; i)0,5; ii)19.6,29.4,29.4,-29.4;14.7,4.9, -4.9,-34.3;
iv)2.5;30.625; v)2.45)

5. A stone is thrown vertically downwards with a velocity of 10
m./sec. , and gravity produces on it an acceleration of 9.8 m./sec.? :
a) what is the velocity after1,2,3, t sec. ?
b) sketch the velocity —time graph . (ans.: 19.8, 29.6, 39.4,10+9.8t)

6. A car accelerates from 5 km./h. to 41 km./h. in 10 sec. . Express
this acceleration in : i)km./h. per sec. ii) m./sec.?, iii) km./h.%.
(ans.: i)3.6; ii)1; iii) 12960)



7. A car can accelerate at 4 m./sec.? . How long will it take to reach 90
km./h. from rest ? (ans.: 6.25)

8. An express train reducing its velocity to 40 km./h. , has to apply
the brakes for 50 sec. . If the retardation produced is 0.5 m./sec.?,
find its initial velocity in km./h. . (ans.: 130)

9. At the instant from which time is measured a particle is passing
through O and traveling towards A , along the straight line OA. It
iss m. from O after t sec. where s=t(t—2)* :

1) when isitagainat O ?

i) when and where is it momentarily at rest ?

Iii) what is the particle’s greatest displacement from O , and how
far does it moves , during the first 2 sec. ?

iv) what is the average velocity during the 3" sec. ?

v) at the end of the 1% sec. where is the particle, which way is it
going , and is its speed increasing or decreasing ?

vi) repeat (v) for the instant whent=-1.

(ans.:i)2;ii)0,32/27;iii) 64/2 7;iv) 3;v) OAinceasing; vi)AO;decreasing)

10. A particle moves in a straight line so that after t sec. itis s m.,
from a fixed point O on the line , where s =t*+ 3t*. Find :
1) The accelerationwhen t=1, t=2,andt=3 .
I1) The average acceleration between t=1andt=3.
(ans.: )18, 54,114, ii)58)

11. A particle moves along the x-axis in such away that its distance x
cm. from the origin after t sec. is given by the formula x = 27t - 2t*
what are its velocity and acceleration after 6.75 sec. ? How long
does it take for the velocity to be reduced from 15 cm./sec. to 9
cm./sec., and how far does the particle travel mean while ?
(ans.: 0,-4,1.5 ;18)

12. A point moves along a straight line OX so that its distance x cm.
from the point O at time t sec. is given by the formula
x=t2-6t°+9t .Find:

1) at what times and in what positions the point will have zero
velocity .
i) its acceleration at these instants .
i) its velocity when its acceleration is zero .
(ans.: i)1,3;4,0; ii)-6,6; iii)-3)

AR



13. A particle moves in a straight line so that its distance x cm. from a
fixed point O on the line is given by x = 9t* - 2t*> where t is the time
in seconds measured from O . Find the speed of the particle when
t= 3. Also find the distance from O of the particle whent=4, and
show that it is then moving towards O . (ans.: 0, 16)

14. Find the limits for the following functions by using L'Hopital's

rule :
2 _ i 42
1) lim 2% 3% 2y Iim 3Nt
x=2o (X +1 t—0 t
3) lim 2X=7 4) lim &%t~ 1
X_)% COS X t>0
5 lim 1-sinx 6) lim SIN X — COS X
w1+ cos2x N 4
2 4 X—Z
2
7 lim 2X (3x+1)\/;+2 8) lim x((?osx 1)
x—1 x-1 x>0 SIN X — X
H 2
9) lim x.csc® 4/2x 10) lim >IN X
x=0 x—0 X.SINn X

(ans.:1)$;2)0;3)— 2;4)—%;5)%;6 )\/5;7)—1;8)3;9)%;10)1)

15. Find any local maximum and local minimum values , then sketch
each curve by using first derivative :

1) f(x)=x>-4x> +4x+5 (ans.:max.(0.7,6.2);min.(2,5))

2) fy=2X "1 (ans.:min.(0,-1))
X“+1

3) f(x)=x>-5x-6 (ans.:max.(-1,-2);min.(1,-10))

4) f(x)=x%—x% (ans.: min.(0.25,-0.47))

16. Find the interval of x-values on which the curve is concave up and
concave down , then sketch the curve :

1) f(x)=)§+ x? —3X (ans. : up(—1,00);down(—oo0,—1))
2) f(x)=x*-5x+6 (ans. : up(—o0,))
3) f(X)=x%-2x"+1 (ans.: up(% ,w);down(—oo,%))

4) f(x)=x*-2x> (ans.: up(—oo,—%),(% ,oo);down(—% ,%))

'Y



17. Sketch the following curve by using second derivative :

1) y= ; +XX2 (ans.: max.(1,0.5); min.(-1,-0.5))
2) y=-X(X-7) (ans. : max.(7,0);min.(2.3,-50.8))
3) y=(X+2)*(x-3) (ans.: max.(-2,0); min.(1.3,-18.5))
4) y=x*(5-x) (ans.: max.(3.3,18.5);min.(0,0))

18. What is the smallest perimeter possible for a rectangle of area 16
in2? (ans.: 16)

19. Find the area of the largest rectangle with lower base on the x-
axis and upper vertices on the parabolay =12 - x*. (ans.:32)

20) A rectangular plot is to be bounded on one side by a straight
river and enclosed on the other three sides by a fence . With 800
m. of fence at your disposal . What is the largest area you can
enclose ? (ans.:80000)

21) Show that the rectangle that has maximum area for a given
perimeter is a square .

22) A wire of length L is available for making a circle and a square .
How should the wire be divided between the two shapes to
maximize the sum of the enclosed areas?

(ans.: all bent into a circle)

23) A closed container is made from a right circular cylinder of
radius r and height h with a hemispherical dome on top . Find
the relationship between r and h that maximizes the volume for a

given surface area s. (ans.: r=h=w}%)

24) An open rectangular box is to be made from a piece of cardboard
8 in. wide and 15 in. long by cutting a square from each corner
and bending up the sides Find the dimensions of the box of largest
volume . (ans.: height=5/3; width=14/3; length=35/3)

VY



Chapter five

Integration

5-1- Indefinite integrals :
The set of all anti derivatives of a function is called indefinite
integral of the function.
Assume u and v denote differentiable functions of X, and a,
n, and c are constants, then the integration formulas are:-

1) .'du= u(x)+c
2) .'a-u(x)dx=aju(x)dx
3) .'(u(x)iv(x))dx=Iu(x)dx$jv(x)dx

n+1

3 1

4) |u"du= - +c when nz-1 & Iu‘ldu=j—du=lnu+c
. n+1 u

5) [a'du = PN je”du=e“+c
’ Ina

EX-1 — Evaluate the following integrals:

. X+ 3
1) [ 3x? dx 6) [ 22 dx
. '[\/x2+6x
(1 X+2
2).(7+xjdx 7)j 2 dx
3) [ xx%+1dx 8) [ ¢
y * 1+ 3e”
4) [(2t+t1) dt 9) [3x® e dx
5) (V@ -22) +4dz 10) [ 2 dx
Sol. -

3

1) .f3x2dx=3.fx2dx=3x?+c=x3+c



2) (x'2+x)dx=.fx‘2 dx+J.xdx=)i—_i+X72+c=—§+x72+c

. 2 . 1y
3) x\/xz+1dx=%j2x(x2+1)%dx=%%+c=%w/(x2+l)3+c
%
3 -1

4) [(2t+17) ar=[(at? +4+t‘2)dt=4%+4t+t_—l+c=%t3+4t—%+c

5) .'\/(zz—z‘2 )2+4dz='|'\/z“—2+z“‘+4dz=.[\/z4+2+z‘4 dz

3 -1
= [J@* +272)? dz=j(z2+z-2)dz=%+z—+c=izs_l+c

-1 3 Z
X+ 3 1 -
6) | ————=0dx==|(2x+6)-(x*+6x) "2dx
'[\/x2+6x 2'[

2 b
=1.(X +6x) +c=+X>+6X+cC

2k

7) .X+2dx=.[(iz+iz]dx=I(X'1+2X'2)dx=Inx+2X +c=|nx—£+c

N x?  x -1 X

-1

X

8) [—S
71+ 3e”

9) [3x3-e ™ dx = —§'|.—8x3 e dx = —E-e‘2X +C
. 8 8

dx =%ISeX(1+ 3e* ) tdx =%In(1+ 3e*)+c

10) [2*dx =-%J’2'4X -(—4dx)=—%-2'4x -%+c

5-2- Integrals of trigonometric functions :
The integration formulas for the trigonometric functions are:

G)Isinu-du=—cosu+c 7).'cosu-du=sinu+c

8) Itanu-du=—|n]cosu]+c 9) .'cotu-du= Insinu|+c

10) .'secu-du= Injsecu +tanu|+c 11) .'cscu-du=—In]cscu+cotu\+c
12).'sec2u-du=tanu+c 13)Icsc2u-du=—cotu+c

14) .'secu-tanu-du=secu+c 15) Icscu-cotu-du=—cscu+c




EX-2- Evaluate the following integrals:

. do
1) |cos(36—-1)d@ 6
) Jeost ) ) J.cosze
2) [ x-sin(2x? ) dx 7) [ (1-sin?3t)-cos3t dt
3) [cos?(2y)-sin(2y)dy 8) [tan®(5x)- sec’(5x) dx
4) [sec®x-tanx dx 9) [sin*x-cos®x dx
] . 2
5) [+2+sin3t -cos3t dt 10) [ VX gy
. |
Sol.-
1 1 .
1) a[Scos(SH—l)de=§S|n(39—1)+c
2) E_[4x-sin(2x2)dx=—1cos(2x2)+c
4 4
3
3) -EJ.(COSZy)Z-(—ZSiHZy dy)=—l-M+c=—i(0032y)3+c
2 2 3 6
3
4) [ sec® x-(sec x-tan x - dx) = € X e

in3t)2
(2+sin3t) +c:§\/(2+sin3t)‘°’ +C

%

Wik, w

5) %I(Z + sin 3t)% (3 cos 3t dt):

do 2
6) ICO820=Isec 0-df =tanf+c

7) j(l—sinZSt)-COSBt dt=%.|'30033t dt - %J.(sin?)t)2 -3cos3t dt

=3
=lsin3t—1-Sln 3t+c=£-sin3t—lsin33t+c
3 3 3 3 9
4
8) %J.tanSSX-(SseCZSX dx)=é-tan OX

+c=itan45x+c
4 20
9) .[sin“xocosSx dx =J.sin“x-(1—sin2 x)-cosx dx

sin® X sin’ x
5 7

=Isin4x-cosx dx—jsinex-cosx dx =



1O)J-cot2«/_ _J-csc 1 i _chsc 2 Jx J- < dx

=2(—cot«/§)— =-2cot+/x —2v/x +¢

+C
b

5-3- Integrals of inverse trigonometric functions:
The integration formulas for the inverse trigonometric
functions are:

1 u 4 u

16 ) = sin S He=—cosT e . VYu’<a’
‘[\/a —u’® a

17) J. itan‘lE+c=—£cot‘1£+c
a’+u® a a a a
1 1|u 1
18) —sec +c=——csc‘1—+c ;. Yu®>a’®
I uvu® —a’ a a
EX-3 Evaluate the following integrals:
0 -2 ax 6) [——
T J1-xE VX (1+x)
e dx dx
2) N [—=
c 9—X2 1+3x
3) e X _dx 8) ,[ 2C0SX
T 1+ X 1+ sin? x
. SeCZX esnn Ix
4) | ——=dx 9)
* J1-tan® x ‘[\/1 x°
- dx tan™ x
5) | — 10)
" xvV4x* -1 '[
Sol.-
1) 1 = (3x2 dx)=lsin‘1x3+c
37 J1-(x%)? 3

2) jd—x=sin‘15+c
9— x? 3



3) 1'|.2—X22dx=ltan‘l X% +c
29 1+4+(x°) 2

2
4)] e X dx = sin~*(tan X )+ ¢

J1-tan? x

5)] 2 dx =sec ' (2x)+cC

2x+4/(2x)* -1

1
2 e @_ S
6)‘[\/;(1+X)dx—4j T (VX =4tantv/x +c¢

1 V3 dx 1.
7 = tan~(+/3% )+ ¢
)J§Il+(J§x)2 J3 e )
8) ZILC}b(Z:Ztan‘l(sianc
1+(sinx)
9) Iesin‘lx. dx =esin‘1x_|_C
1-x°
-1 2
1O)Itan‘1x- dx2=(tan X) +C
1+ X 2

5-4- Integrals of hyperbolic functions:
The integration formulas for the hyperbolic functions are:

19) [ sinhu-du=coshu+c
20) [ coshu-du = sinhu+c

21) [tanhu-du = In(coshu)+c

22) [cothu-du = In(sinhu)+c
23) [sech?u-du=tanhu+c
24) [csch?u-du=cothu+c

25) [ sechu-tanhu-du =—sechu+c

26) [ cschu-cothu-du=—cschu+c



EX-4 — Evaluate the following integrals:

1) '%dx 6) [sech?(2x—3)dx
- . cet—e™
2) | sinh(2x+1)dx 7) | —/——dx
’ ‘e +e
e sinhx 3
3 dx 8) |le®™ —e™ Jx
)| cosh? x ) | ( )d
4) [ x-cosh(3x? )dx g) [SINNx
. ¢ 1+ coshx
5) [sinh* x-coshx dx 10) [ csch?x - cothx dx
Sol.-

1) Icosh(ln X )(d%] =sinh(In x)+c¢

2)%jsinh(2x+1)-(2dx)=%cosh(2x+1)+c

3)_[ 13 Sinh x dx=jsech3x-tanhx dx
cosh” x cosh x
3
=— [ sech®x- (= sechx-tanh x dx)=—SeC?:1 A

4)%jcosh(3x2 )-(6xdx)=%sinh(3x2 )+cC

sinh® X
+c

5) [sinh®x-(coshx dx)=

6) %J'sec h2(2x-3)-(2 dx)= %tanh(Zx ~3)+c

7) Iex —e_x dx=jtanhx dx = In(cosh x ) + ¢
e’ +e
e™ —e™ 2¢ . 2
8) 2J.—dx=—J'smhax (adx)=—coshax +c
2 a a
ISIM‘—Xm(= In(1+ cosh x)+c
1+ cosh x

csch?x
+C

10) —Icschx-(—cschx-cothx dx)=— >



5-5- Integrals of inverse hyperbolic functions:
The integration formulas for the inverse hyperbolic functions

are:
du i
27 =sinh™u+c
) J.\/1+ u?
=coshtu+c

du
28) [
Jui-1
tanhtu+c if |u<1 1,
= =—1In
coth™u+c if |u>1]| 2

1+u
1-u

=—sech™|u[+c =—cosh~ L, J

du
30 _—
) '[u\/l—u2
du
31 _—
) J.u\/1+ u?

EX-4 — Evaluate the following integrals:

=-csch™|u[+c= —sinhl(ij+ C

dx dx
g ‘[\/l+4x2 ? ‘[\/4+ X
5) j’secz—ede 6) [tanh™(In+/x ) 2

dx
4 | —————
) '[x\/4+ X2 Jtan®6-1 x(l— In? \/;)
Sol.-
1)—_[ 2 dx 1smh 2X+C

V1+4x®
2) IA= sinh™' = 4¢
o
2

dX2 =tanh™ x+c if [x<1

=coth™ x+c if [x[>1



4)] _L /dx ’+c
Xy 4 + X2 2 //
5) Im(sec 7] d0)=cosh‘ (tan@)+c
6) let u=Invx = Sinx du = —dx
2 2X
dx 2 du
tanh~*(Inv/x )- = [tanh™"u-
J (Invx) x(1—In?/x) J RETTE
=2m+c [tanh (Inf)] +C




Evaluate the following integrals:

1).

2)

3).'
4).
5).
6) Y 1+ cosx

7).'

8) '—2
“4/1-9x

e cot(Inx)

e SINX + COSX

9).'

10) |
1) |

12) |
13) |
14) |

15) |

16)

Problems -5

.(xz —~ 1)-(4 —~ xz)dx

e*.sine” dx

tan(3x + 5) dx

dx

X

dx
COSX

dx

cot(2x +1)-csc®(2x + 1) dx

dx

dx
2—X

2

e .coshe * dx

sinx

e>"™ . cosx dx
e dX

e3x

el -1

Ix

dx

dx
J-1-x°
- C0SO do
Y 1+sin’@

' x(a + b+/3Xx )dx where a,b constants

(ans.:

(ans.:

(ans.:
(ans.:
(ans.:
(ans.:
(ans.:

(ans.:

(ans.:

(ans.:
(ans.:

(ans.:
(ans.:

(ans.:

(ans.:

(ans.:

Ex3—1x5—4x+c)
3 5

—cose” +¢)

—%In\cos(3x+5)\+c)
Insin(Inx)|+¢)

— Inlcosx|+ x +¢)

— COtX + CSCX +C)

1 >

_ZCOt (2x+1)+cC)
1 - —1

Esm (3x)+¢c)

.. X
sin? —=+¢)

N2
1 . 2x
—sinhe“™ +¢)
2

sinx

e’™ +¢)
1 -3x

-—e
3

2e&—2\/;+c)

+C)

%(5ax2 +4+/30x2 )+¢)
—tan~'x+¢)

tan™(sin@)+c)



17)

20)

21) |
22) |

23) |
24) |
25) [t°
26) [
27) |
28) |
29) |

30) .'

31)

32).

33)

« 1 1 1
—zcsc—cot—dx
) x X X

18) |

3x+1 dx

csinx-e

Y 33x2+2x+1
19) [

.'\/x2 —x* dx

- sec? 2x dx

sin(tan@)-sec’ 0 dé

vJtan2x
(sing - cosd) do

e cot X dx
4 In(sin x)
- (In x )?

dx

X

sec X

> dx
COS” X

(ans.:

(ans.:

(ans.:

(ans.:

(ans.

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:
(ans.:
(ans.:

(ans.:

1
CcSC—+¢C)
X

%%/(3x2+2x+1)2 +C)

—cos(tan@)+c)

—%J(l—x2 )® +¢)

s Jtan2x +c¢)

0 +cos’d +c)
%tan‘ly2 +c)

-1

2tan™"+/X +¢C)

9 5 5
—(t*+1)*+cC
25( )’ +c¢)
> 1+X° +¢)
2
1 1 3
——\cos"4x) +c
(cosax) +c)
sec'(2x)+¢c)

ltanh X+C)
4

1 3Inx2
2In3

InIn(sin x)+c¢)

%(Inx)3+c)

sec X

e +c¢)



34) [
Y x-lInx

35) | :
J cosh@ +sinh @

X _ Q2x
36) 2X-8

37)

38)

39) .'

40) .'

41)

42)

44) [——
“1l+e

45)

46)

48) |
) J1+e*

¥ COS\/;

49) |

50) ..—
Y SIN X-COS X

dx

déo

dx

o

tan~! 2t

- e
7 14 4t?
- COt X
J cse x

dt

dx
sec* x-tan® x dx

csc? 3x dx

- cos’ t
J sin’t
- sec” x
J tan* x

43) .'

dt

dx

tan’ 40 deo

X

edx

[ tan® 2x dx

« sec? X
J 2+tan x

47) .'

dx

sec? 3x dx

et

dt

dx

Jx
dx

AR

(ans.: Inlnx+c)
(ans.: —e?+c)
(ans.: x — 2°* +¢)
5In2
1 tan~! 2t
(ans.: —e +C)
(ans.: sinx+c)
1. . 1.,
(ans.: —tan x+ztan X+C)
1 ., 1
(ans.: ——cot® 3x——cot3x+¢C)
9 3
(ans.: —csct—sint +c)
1 s
(ans.: —gcot X —COotX +C)
1
(ans.: Ztan40—0+c)
(ans.: In(1+e*)+c)
1, , 1
(ans.: Ztan 2x+§ln\0032x]+c)
(ans.: In(2+tanx)+c)
1 1
(ans. : —tan33x+§tan 3x+¢C)
(ans.: tan"'e' +¢)
(ans.: 23in\/;+c)
(ans.: —In|csc2x + cot2x|+c )



51)

52)

53) [ sin~*(cosh x)-

‘ v 1-cosh? x
54) - cosQ c;l@

Y1-sin“ 6@
55) - dx

56) |
57)
58) |
59) |
60) [

J24+9*!

61) [
)| Jsin x -+/1—sin x

62)

63) |
64) .'

65) .'

66 )

67)

.'1/1+ siny dy

dx

S (x*+1)(2+tan"t x)

sinh x dx

-x@+0nxf)

[ cosh™*(sinx)

9 5 X
(e“X —2e*” +e4) dx

J~ eXdx
e +2e*+1

eX.sinh2x dx

sin x

csec® x+e

SeC X
3x+2
dx

dx

cos X dx

[ tan®x dx

Insin~! x

e

1-x

2
xeX ™ dx

cosh(In cosx) dx

r COS X

dx

J sin% x

cosx dx

Jsin?x—1

'Y

(ans.:

(ans.:

(ans.:

—241-siny+c)

In(2+tan™ x)+c)

%(sinh‘l(cosh X ))2 +c)

(ans.: In|secd +tan@|+c)

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.: —

(ans.:
(ans.:

(ans.

tan*(Inx)+c)

2ot _8on +4e* +c¢)
9 5

+C
e +1 )

P +C)
2|3

sin X

tanx +e™”* +¢)

3 o 3X+1

tan
J21In3 J2
2sin~'4/sinx +c¢)

+C)

1
Zsec4x—seczx—ln\cosx]+c)
1 o 1y

E(sm X) +¢C)

1 .
e* ' +c)
2

%[sinx + In|secx + tanx]]+ c)

—CSCX+C)

. %[cosh‘l(sinx)]2 +c)



Chapter five

Integration

5-1- Indefinite integrals :
The set of all anti derivatives of a function is called indefinite
integral of the function.
Assume u and v denote differentiable functions of X, and a,
n, and c are constants, then the integration formulas are:-

1) .'du= u(x)+c
2) .'a-u(x)dx=aju(x)dx
3) .'(u(x)iv(x))dx=Iu(x)dx$jv(x)dx

n+1

3 1

4) |u"du= - +c when nz-1 & Iu‘ldu=j—du=lnu+c
. n+1 u

5) [a'du = PN je”du=e“+c
’ Ina

EX-1 — Evaluate the following integrals:

. X+ 3
1) [ 3x? dx 6) [ 22 dx
. '[\/x2+6x
(1 X+2
2).(7+xjdx 7)j 2 dx
3) [ xx%+1dx 8) [ ¢
y * 1+ 3e”
4) [(2t+t1) dt 9) [3x® e dx
5) (V@ -22) +4dz 10) [ 2 dx
Sol. -

3

1) .f3x2dx=3.fx2dx=3x?+c=x3+c



2) (x'2+x)dx=.fx‘2 dx+J.xdx=)i—_i+X72+c=—§+x72+c

. 2 . 1y
3) x\/xz+1dx=%j2x(x2+1)%dx=%%+c=%w/(x2+l)3+c
%
3 -1

4) [(2t+17) ar=[(at? +4+t‘2)dt=4%+4t+t_—l+c=%t3+4t—%+c

5) .'\/(zz—z‘2 )2+4dz='|'\/z“—2+z“‘+4dz=.[\/z4+2+z‘4 dz

3 -1
= [J@* +272)? dz=j(z2+z-2)dz=%+z—+c=izs_l+c

-1 3 Z
X+ 3 1 -
6) | ————=0dx==|(2x+6)-(x*+6x) "2dx
'[\/x2+6x 2'[

2 b
=1.(X +6x) +c=+X>+6X+cC

2k

7) .X+2dx=.[(iz+iz]dx=I(X'1+2X'2)dx=Inx+2X +c=|nx—£+c

N x?  x -1 X

-1

X

8) [—S
71+ 3e”

9) [3x3-e ™ dx = —§'|.—8x3 e dx = —E-e‘2X +C
. 8 8

dx =%ISeX(1+ 3e* ) tdx =%In(1+ 3e*)+c

10) [2*dx =-%J’2'4X -(—4dx)=—%-2'4x -%+c

5-2- Integrals of trigonometric functions :
The integration formulas for the trigonometric functions are:

G)Isinu-du=—cosu+c 7).'cosu-du=sinu+c

8) Itanu-du=—|n]cosu]+c 9) .'cotu-du= Insinu|+c

10) .'secu-du= Injsecu +tanu|+c 11) .'cscu-du=—In]cscu+cotu\+c
12).'sec2u-du=tanu+c 13)Icsc2u-du=—cotu+c

14) .'secu-tanu-du=secu+c 15) Icscu-cotu-du=—cscu+c




EX-2- Evaluate the following integrals:

. do
1) |cos(36—-1)d@ 6
) Jeost ) ) J.cosze
2) [ x-sin(2x? ) dx 7) [ (1-sin?3t)-cos3t dt
3) [cos?(2y)-sin(2y)dy 8) [tan®(5x)- sec’(5x) dx
4) [sec®x-tanx dx 9) [sin*x-cos®x dx
] . 2
5) [+2+sin3t -cos3t dt 10) [ VX gy
. |
Sol.-
1 1 .
1) a[Scos(SH—l)de=§S|n(39—1)+c
2) E_[4x-sin(2x2)dx=—1cos(2x2)+c
4 4
3
3) -EJ.(COSZy)Z-(—ZSiHZy dy)=—l-M+c=—i(0032y)3+c
2 2 3 6
3
4) [ sec® x-(sec x-tan x - dx) = € X e

in3t)2
(2+sin3t) +c:§\/(2+sin3t)‘°’ +C

%

Wik, w

5) %I(Z + sin 3t)% (3 cos 3t dt):

do 2
6) ICO820=Isec 0-df =tanf+c

7) j(l—sinZSt)-COSBt dt=%.|'30033t dt - %J.(sin?)t)2 -3cos3t dt

=3
=lsin3t—1-Sln 3t+c=£-sin3t—lsin33t+c
3 3 3 3 9
4
8) %J.tanSSX-(SseCZSX dx)=é-tan OX

+c=itan45x+c
4 20
9) .[sin“xocosSx dx =J.sin“x-(1—sin2 x)-cosx dx

sin® X sin’ x
5 7

=Isin4x-cosx dx—jsinex-cosx dx =



1O)J-cot2«/_ _J-csc 1 i _chsc 2 Jx J- < dx

=2(—cot«/§)— =-2cot+/x —2v/x +¢

+C
b

5-3- Integrals of inverse trigonometric functions:
The integration formulas for the inverse trigonometric
functions are:

1 u 4 u

16 ) = sin S He=—cosT e . VYu’<a’
‘[\/a —u’® a

17) J. itan‘lE+c=—£cot‘1£+c
a’+u® a a a a
1 1|u 1
18) —sec +c=——csc‘1—+c ;. Yu®>a’®
I uvu® —a’ a a
EX-3 Evaluate the following integrals:
0 -2 ax 6) [——
T J1-xE VX (1+x)
e dx dx
2) N [—=
c 9—X2 1+3x
3) e X _dx 8) ,[ 2C0SX
T 1+ X 1+ sin? x
. SeCZX esnn Ix
4) | ——=dx 9)
* J1-tan® x ‘[\/1 x°
- dx tan™ x
5) | — 10)
" xvV4x* -1 '[
Sol.-
1) 1 = (3x2 dx)=lsin‘1x3+c
37 J1-(x%)? 3

2) jd—x=sin‘15+c
9— x? 3



3) 1'|.2—X22dx=ltan‘l X% +c
29 1+4+(x°) 2

2
4)] e X dx = sin~*(tan X )+ ¢

J1-tan? x

5)] 2 dx =sec ' (2x)+cC

2x+4/(2x)* -1

1
2 e @_ S
6)‘[\/;(1+X)dx—4j T (VX =4tantv/x +c¢

1 V3 dx 1.
7 = tan~(+/3% )+ ¢
)J§Il+(J§x)2 J3 e )
8) ZILC}b(Z:Ztan‘l(sianc
1+(sinx)
9) Iesin‘lx. dx =esin‘1x_|_C
1-x°
-1 2
1O)Itan‘1x- dx2=(tan X) +C
1+ X 2

5-4- Integrals of hyperbolic functions:
The integration formulas for the hyperbolic functions are:

19) [ sinhu-du=coshu+c
20) [ coshu-du = sinhu+c

21) [tanhu-du = In(coshu)+c

22) [cothu-du = In(sinhu)+c
23) [sech?u-du=tanhu+c
24) [csch?u-du=cothu+c

25) [ sechu-tanhu-du =—sechu+c

26) [ cschu-cothu-du=—cschu+c



EX-4 — Evaluate the following integrals:

1) '%dx 6) [sech?(2x—3)dx
- . cet—e™
2) | sinh(2x+1)dx 7) | —/——dx
’ ‘e +e
e sinhx 3
3 dx 8) |le®™ —e™ Jx
)| cosh? x ) | ( )d
4) [ x-cosh(3x? )dx g) [SINNx
. ¢ 1+ coshx
5) [sinh* x-coshx dx 10) [ csch?x - cothx dx
Sol.-

1) Icosh(ln X )(d%] =sinh(In x)+c¢

2)%jsinh(2x+1)-(2dx)=%cosh(2x+1)+c

3)_[ 13 Sinh x dx=jsech3x-tanhx dx
cosh” x cosh x
3
=— [ sech®x- (= sechx-tanh x dx)=—SeC?:1 A

4)%jcosh(3x2 )-(6xdx)=%sinh(3x2 )+cC

sinh® X
+c

5) [sinh®x-(coshx dx)=

6) %J'sec h2(2x-3)-(2 dx)= %tanh(Zx ~3)+c

7) Iex —e_x dx=jtanhx dx = In(cosh x ) + ¢
e’ +e
e™ —e™ 2¢ . 2
8) 2J.—dx=—J'smhax (adx)=—coshax +c
2 a a
ISIM‘—Xm(= In(1+ cosh x)+c
1+ cosh x

csch?x
+C

10) —Icschx-(—cschx-cothx dx)=— >



5-5- Integrals of inverse hyperbolic functions:
The integration formulas for the inverse hyperbolic functions

are:
du i
27 =sinh™u+c
) J.\/1+ u?
=coshtu+c

du
28) [
Jui-1
tanhtu+c if |u<1 1,
= =—1In
coth™u+c if |u>1]| 2

1+u
1-u

=—sech™|u[+c =—cosh~ L, J

du
30 _—
) '[u\/l—u2
du
31 _—
) J.u\/1+ u?

EX-4 — Evaluate the following integrals:

=-csch™|u[+c= —sinhl(ij+ C

dx dx
g ‘[\/l+4x2 ? ‘[\/4+ X
5) j’secz—ede 6) [tanh™(In+/x ) 2

dx
4 | —————
) '[x\/4+ X2 Jtan®6-1 x(l— In? \/;)
Sol.-
1)—_[ 2 dx 1smh 2X+C

V1+4x®
2) IA= sinh™' = 4¢
o
2

dX2 =tanh™ x+c if [x<1

=coth™ x+c if [x[>1



4)] _L /dx ’+c
Xy 4 + X2 2 //
5) Im(sec 7] d0)=cosh‘ (tan@)+c
6) let u=Invx = Sinx du = —dx
2 2X
dx 2 du
tanh~*(Inv/x )- = [tanh™"u-
J (Invx) x(1—In?/x) J RETTE
=2m+c [tanh (Inf)] +C




Evaluate the following integrals:

1).

2)

3).'
4).
5).
6) Y 1+ cosx

7).'

8) '—2
“4/1-9x

e cot(Inx)

e SINX + COSX

9).'

10) |
1) |

12) |
13) |
14) |

15) |

16)

Problems -5

.(xz —~ 1)-(4 —~ xz)dx

e*.sine” dx

tan(3x + 5) dx

dx

X

dx
COSX

dx

cot(2x +1)-csc®(2x + 1) dx

dx

dx
2—X

2

e .coshe * dx

sinx

e>"™ . cosx dx
e dX

e3x

el -1

Ix

dx

dx
J-1-x°
- C0SO do
Y 1+sin’@

' x(a + b+/3Xx )dx where a,b constants

(ans.:

(ans.:

(ans.:
(ans.:
(ans.:
(ans.:
(ans.:

(ans.:

(ans.:

(ans.:
(ans.:

(ans.:
(ans.:

(ans.:

(ans.:

(ans.:

Ex3—1x5—4x+c)
3 5

—cose” +¢)

—%In\cos(3x+5)\+c)
Insin(Inx)|+¢)

— Inlcosx|+ x +¢)

— COtX + CSCX +C)

1 >

_ZCOt (2x+1)+cC)
1 - —1

Esm (3x)+¢c)

.. X
sin? —=+¢)

N2
1 . 2x
—sinhe“™ +¢)
2

sinx

e’™ +¢)
1 -3x

-—e
3

2e&—2\/;+c)

+C)

%(5ax2 +4+/30x2 )+¢)
—tan~'x+¢)

tan™(sin@)+c)



17)

20)

21) |
22) |

23) |
24) |
25) [t°
26) [
27) |
28) |
29) |

30) .'

31)

32).

33)

« 1 1 1
—zcsc—cot—dx
) x X X

18) |

3x+1 dx

csinx-e

Y 33x2+2x+1
19) [

.'\/x2 —x* dx

- sec? 2x dx

sin(tan@)-sec’ 0 dé

vJtan2x
(sing - cosd) do

e cot X dx
4 In(sin x)
- (In x )?

dx

X

sec X

> dx
COS” X

(ans.:

(ans.:

(ans.:

(ans.:

(ans.

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:
(ans.:
(ans.:

(ans.:

1
CcSC—+¢C)
X

%%/(3x2+2x+1)2 +C)

—cos(tan@)+c)

—%J(l—x2 )® +¢)

s Jtan2x +c¢)

0 +cos’d +c)
%tan‘ly2 +c)

-1

2tan™"+/X +¢C)

9 5 5
—(t*+1)*+cC
25( )’ +c¢)
> 1+X° +¢)
2
1 1 3
——\cos"4x) +c
(cosax) +c)
sec'(2x)+¢c)

ltanh X+C)
4

1 3Inx2
2In3

InIn(sin x)+c¢)

%(Inx)3+c)

sec X

e +c¢)



34) [
Y x-lInx

35) | :
J cosh@ +sinh @

X _ Q2x
36) 2X-8

37)

38)

39) .'

40) .'

41)

42)

44) [——
“1l+e

45)

46)

48) |
) J1+e*

¥ COS\/;

49) |

50) ..—
Y SIN X-COS X

dx

déo

dx

o

tan~! 2t

- e
7 14 4t?
- COt X
J cse x

dt

dx
sec* x-tan® x dx

csc? 3x dx

- cos’ t
J sin’t
- sec” x
J tan* x

43) .'

dt

dx

tan’ 40 deo

X

edx

[ tan® 2x dx

« sec? X
J 2+tan x

47) .'

dx

sec? 3x dx

et

dt

dx

Jx
dx

AR

(ans.: Inlnx+c)
(ans.: —e?+c)
(ans.: x — 2°* +¢)
5In2
1 tan~! 2t
(ans.: —e +C)
(ans.: sinx+c)
1. . 1.,
(ans.: —tan x+ztan X+C)
1 ., 1
(ans.: ——cot® 3x——cot3x+¢C)
9 3
(ans.: —csct—sint +c)
1 s
(ans.: —gcot X —COotX +C)
1
(ans.: Ztan40—0+c)
(ans.: In(1+e*)+c)
1, , 1
(ans.: Ztan 2x+§ln\0032x]+c)
(ans.: In(2+tanx)+c)
1 1
(ans. : —tan33x+§tan 3x+¢C)
(ans.: tan"'e' +¢)
(ans.: 23in\/;+c)
(ans.: —In|csc2x + cot2x|+c )



51)

52)

53) [ sin~*(cosh x)-

‘ v 1-cosh? x
54) - cosQ c;l@

Y1-sin“ 6@
55) - dx

56) |
57)
58) |
59) |
60) [

J24+9*!

61) [
)| Jsin x -+/1—sin x

62)

63) |
64) .'

65) .'

66 )

67)

.'1/1+ siny dy

dx

S (x*+1)(2+tan"t x)

sinh x dx

-x@+0nxf)

[ cosh™*(sinx)

9 5 X
(e“X —2e*” +e4) dx

J~ eXdx
e +2e*+1

eX.sinh2x dx

sin x

csec® x+e

SeC X
3x+2
dx

dx

cos X dx

[ tan®x dx

Insin~! x

e

1-x

2
xeX ™ dx

cosh(In cosx) dx

r COS X

dx

J sin% x

cosx dx

Jsin?x—1

'Y

(ans.:

(ans.:

(ans.:

—241-siny+c)

In(2+tan™ x)+c)

%(sinh‘l(cosh X ))2 +c)

(ans.: In|secd +tan@|+c)

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.: —

(ans.:
(ans.:

(ans.

tan*(Inx)+c)

2ot _8on +4e* +c¢)
9 5

+C
e +1 )

P +C)
2|3

sin X

tanx +e™”* +¢)

3 o 3X+1

tan
J21In3 J2
2sin~'4/sinx +c¢)

+C)

1
Zsec4x—seczx—ln\cosx]+c)
1 o 1y

E(sm X) +¢C)

1 .
e* ' +c)
2

%[sinx + In|secx + tanx]]+ c)

—CSCX+C)

. %[cosh‘l(sinx)]2 +c)



Chapter six

Methods of integration

6-1- Integration by parts:

The formula for integration by parts comes from the product
rule:-

d(u-v)=u-dv+v-du = u-dv=d(u-v)-v-du

and integrated to give: I UdV=Id(u-V)—IV du
then the integration by parts formula is:-

Iudv=u-v—jvdu

Rule for choosing u and dv is:
For u: choose something that becomes simpler when
differentiated.

For dv: choose something whose integral is simple.
It is not always possible to follow this rule, but when we can.

EX-1 — Evaluate the following integrals:

1) [ xe* dx 6) 'In(x+\/l+ xz)dx
2) [ x-cosx dx 7) [ sin"'ax dx
3) [ X dx 8) e . sinbx dx
o X_l -
4) [ x2-Inxdx 9).[x3-exdx
5) [ x-sec?x dx 1O)jx3-exz dx
Sol. -

Uu=Xx = du=dx
1) let = Iudv=u-v—jvdu
dv=e*dx = v=e¢e"

jx-exdx=x-ex—jexdx= X-e*—e*+¢



= du=d
2) let =X = A X_ = Iudv:u-v—_[vdu
dv =cosx dx = v=sinx

J.x-cosxdx= x-sinx—.[sinxdx=x-sinx+cosx+c

u=Xx = du=dx

3) let dv = 1 dx:>v=2(x—1)% = Iudv=u-v—jvdu
Xx—1
j X dx=2x-(x—1)%—2_[(x—1)%dx
x—1

=2x-\/x—1—%+c=2x-\/x—1—%w/(x—1)3 +C
2

u=Inx = du=-=-dx

4) let

oo><|H

b= judv=u-v—_[vdu

dv = x%dx = v=X?

3 3
.fxz-Inxdx=X—-Inx—ijx2dx=x—-lnx—1x3+c
3 3 3 9

U=X = du=dx
5) et , = J.udv=u-v—.fvdu
dv=sec’xdx = v=tanx

jx-seczxdx=x-tan x—jtanxdx=x-tan x+|n\cosx\+c

2X
1+
6) let u=|n(x+\/1+x2) = du= NI+ XD gy

X ++/1+ x>

dv=dx = v=X

Iln(x+\/1+ xz)dx = x-In(x+\/1+ xz)—jx(1+ xz)_%dx

2\
= x-In(x+\/1+ xz)—%-%+c= x-In(x+\/1+ xz)—\/1+ X% +¢C
2



a dx

7) let u=sin'ax = du=——
J1-a?x?
. . a X
sinfax dx = x-sin"fax — | ———dx
I I [1_a2X2

= X-sin™* ax+2—1aJ.— 2a2x(1—a2x2)_%dx

& dv=dx = v=X

1
22 22
- -1 (1_a X )A - -1 1_a X
= X-SIn "axX + . +C=X-SINn "aX+——+C
2 b 2

8) let u=e®™ = du=a-e®dx & dv=sinbxdx = v=—%cosbx
ax H 1 ax a ax
_[e -smbxdx=—6e -cosbx+EIe -coshx dx ... (1)
let u=e®™ = du=a-e*dx & dv=coshxdx = v=%sinbx

Ie”-cosbx dx =%eax-sinbx—%jeax-sinbx dxX e, (2)

sub.(2)in(1) =

2
J'eax - sinbx dx =—1eaX - C0S bx+i2eaX - sinbx dx—a—zjeaX -sinbx dx
b b

2
: : 1 :
_[eax -sinbx dx +—;2 _[eax -sinbx dx = —Eeax - €0s bx +—ba2 e™ -sinbx dx+c

ax

2
[1+ S—ije“ . sinbx dx = Zz (asinbx —bcoshx)+c

s, Je™ -sinbx dx = °__(asinbx—bcosbx)+c
a“+b

9) derivative of u integration of dv

x 3 + e Ix3eax dx =x’e* —3x%e*
3X2§: e’ +6xe*—-6e” +cC

6X + e

6 \ e —e*(x*—3x*+6x—6)+c



X2

10) let u=x*> = du=2xdx & dv=x-ex2dx:>v=%e

2 1 2

IX3-eX2dx=1x2-exz —1_|.2x-exzdx=ix2-eX _~eX 4¢
2 2 2 2

6-2- Odd and even powers of sine and cosine:

To integrate an odd positive power of sinx (say sin“ X ) we
split off a factor of sinx and rewrite the remaining even power in
terms of the cosine. We write:-

2n+1

J’sin2n+1 X - dx =J.(1—cos2 x) ".sinx dx

and [cos™™ x-dx = [(1-sin’ x)" -cosx dx
EX-2- Evaluate:
1) [sin® xdx 2) [ cos® x dx
Sol.-
1) [ sin®xdx =[ sinx- sinx dx =[ (1~ cosx)- sinx dx

: : 1
= [ sinx dx + [ cos’x - (= sinx ) dx = — cos x+§cos3 X +C

2) J.cosf’xdx:jcos“x-cosx dx='|.(1—sin2x)2 . cos X dx

=_[cosxdx—2_[sin2 x-cosxdx+jsin4 X - COS X dX

- 2 - 3 1 - 5
= smx—gsm x+§sm X+C

To integrate an even positive power of sine (say sin®"x ) we use
the relations:-

_ 1+cos26 _1-cos26

2

cosZ0 or sin%@

then we can write:-



J.sin2n X - dX = I(l—c_gst]" dx

and Icos X-0X = I(M] dx

EX-3- Evaluate:
1) jcoszada 2) .[sin“ada

Sol.-

1+00320 4o

1) [cos’0d6 = | =%[jd0+%j2coszede}

=—[6+isin 20}+c
2 2

4 1-cos26 1 )
2) Ism 0do = I(—) dH_ZUdH—I00520(2d0)+Icos 2ede]
1{0 sin26 + dea}=%[0—5in20+%(0+%sin40)}+c

=ie—isin20+isin40+c
8 4 32

To integrate the following identities:-

_[sin mx-sinnx dx _[sin mx-cosnx dx ,and Icos mXx - CoS NX dx

we use the following formulas:-

cos(m—n)x—cos(m+n)x
2

sin(m—n)x+sin(m+n)x
2

cos(m—n)x+cos(m+n)x
2

sinmx-sinnx =

Sin Mx - COS NX =

cosmX-CoS NX =



EX-4- Evaluate:
1) IsinSx-cosSxdx 2) Icosx-cos?xdx B)Isinx-sinZde
Sol.-
1) jsin3x-0035xdx=%j(sin(3x—5x)+ sin(3x +5x))dx

=i —ij‘sin2x(2dx)+ij‘sin8x(8dx) =£c032x—ic038x+c
2| 2 8 4 16
1 1 . 1 .
2)jcosx-cos?xdx=§j(cos(6x)+cos(8x))dx=Esm6x+—sm8x+c

3) [sinx-sin2xdx =%j(cosx—c033x)dx =%sinx—isin3x+c

6-3- Trigonometric substitutions:
Trigonometric substitutions enable us to replace the binomials

a’-u®, a*+u®, and u®*-a® be single square terms. We can
use:-

u=asind for a*-u’=a’-a’sin“@=a’(1-sin“f)=a’*cos’*H
u=atand for a’+u’*=a*+a’tan’d=a’*(1+tan’@)=a’*sec’ @
u=asecd for u’—a*=a’sec’d—-a’=a’(sec’d-1)=a’*tan’*@

EX-5 Evaluate the following integrals:

0 z2° dz 4 X2 g
)' N1+ 272 )'[\/9—x2 §
2) e dx 5)_[ dt

" VA4 x? \J25t% -9
3) e dXx

6) j—dy
T4 x? J25+9y?



Sol.-

1) let z=tand = dz=sec’d-do tan0=%

J- z2° dz :J-tan50-sec20 dé
V1+7? V1+tan®6
=.|.tan0-sec¢9(se029—1)2d0
= [ sec* O(tan 8- sec 0 d9) - 2 sec” O(tan 6 - sec 0 d9)+ [ tan 8- sec 6 do

=%se050—%se030+se09+c J1+72

=Itan50-sec0 do

o

:%(\/1+22 )S—g(\/1+z2 Y ++41+2° +¢ 1

2) let x=2tand@ = dx=2sec’d-déo tan9=§

2
I J. 2sec 6 do =.fsec0 d6 = In|secd + tand|+c
4+x*> °a+4tan’
4 2
V4+ x> X * «
=1In +—|+cC .
2 2 5

:In\/4+x2+x’+c’ where ¢'=c—1In2

3) let x=2sinf = dx=2cosf-dbg
I dx _‘[20030 do 1. dé
4 — X 4—4sin*0 27 cosd

=1Inse00+tan0\+c Z/\X
2 —0

=%jsec¢9d0

—1In 2 + X ’+c V4 - x
2 |J4-x? \/4—x2’
1 2+ X ’ 1 2+ X 1 |2+X
=—In +c=—1In +c=—1In +C
2 | J(2-x)(2+x)| 2-X 4 12-x




4) let x=3sind = dx=3cosf-db
Ixzdx J- 9sin® @

A9 — X2 B J9-9sin? @

— 3
=9jmou9=g 09— Lsin26|+c
2 2 2 p X
A9 — x?2

=%(0—sin9-cos¢9)+c

_y?2
=g(sin'1i—5- X j+c=%sin'1%—§-\/9—x2+c

3 3 3

3c0s0 d@ = 9jsin2 0do

5) let 5t=3secd = 5dt=3sech -tanfdo
/sec@ tang de

1
—|secfdd@
'[x/25t - '[ \J9sec? O - 5'[
=§In\se00+tan0\+c 5t
2
1. |5t +/25t%-9 i o9
Sl P L el PP 3
5 3 3
=%In5t+x/25t2—9‘+c’ where c’=c—%ln3

6) let 3y=5tand = 3dy =5sec’8do

/sec 6de ij.secede

'[w/25+9y '[\/25+25tan 0

= gln\sec0+ tan 6|+ c 25+ 9y?
3y

=£In,/25+9y2 +3y‘+c’ where c’=c—%ln5




EX-6 Prove the following formulas:

du 1. _,u
—— =—tan” —+c
a‘+u° a a

1)jd—u=sin‘1£+c 2).[

1) let u=asind = du=acosf-db
acos@-de

-]
Ja?-u?® Ja?—a?sin’@

=Id0:0+c:sin‘1§+c

2) let u=atand = du=asec’d-do

J- du =.[ asec’d-dé

1 1 1 u
=—|de==0+c=—tant—+c
a’+u? a’+a’tan?6@ a-[

a a a

6-4- Integral involving ax®+bx+c:
By using the algebraic process called completing the square, we
can convert any quadratic: ax?+bx+c , a#0 tothe form:
a(u*FA®?) we can then use one of the trigonometric
substitutions to write the expression as a times a single square
term.

EX-7 — Evaluate:

1) __dx 4)Id—x
" V2x - x? V14 x—x?
- dx dx

2 5

)- 2X% +2x+1 )I\/XZ—ZX—S

3) . dx
TAUXPH+2Xx+2

Sol.

;J‘ dx =J~ dx =J‘ dx
V2Xx—Xx? \/1—(x2—2x+1) \/1—(x—1)2
let Xx—-1=sin@ = dx=cos@do

cos@ do

dx
J‘«/Zx—xz =I\/1—Sin20

=Id0=0+c=sin‘1(x—1)+c




Z)I dx _EI dx _ij dx
2X2+2X+l_2 x2+x+%_2 (X+%)2+%
let x+%=%tan0 = dx—lseczede

I dx I/sec 6dé Ide f+c=tan'(2x+1)+c

2x2+2x+1 2 /tan 9+/

3) J‘\/x2+2x+2 =I\/(x+1)2+1

VX2 +2X+2
let x+1=tand = dx=sec’9dd //\X+1
6
sec’0dé

J.«/x +2X+2 J‘\/tan245'+1=J.SeC6’O“9 1

=In\sec€+tan0\+c=In’\/x2+2x+2+x+1’+c

4)I dx =J‘ dx
V14 X— X2 \/%_
let x—%=§sin0 = dx=§cosed0
\/—/ cos@de@

) 2x -1
Id0=0+c=$n*( +C
«/5]

\// /sme

dx B dx
>) I\/x2—2x—8 _I\/(x—l)z—Q

let x—1=3secd = dx=3secd-tanddé Jx-1
=J-3se09-tan0d9=jseced0 9 Jx?-2x-8

v9sec?@-9 3
[ v 2
=In\sec<9+tan0]+c=lnxgl+ X —32x—8;+c

=In‘x—1+\/x2—2x—8‘+c' where ¢'=c-1n3



6-5- Partial fractions:

f(x)

Success in separating W into a sum of partial fractions

hinges on two things:-

1- The degree of f(x) must be less than the degree of g(x).

(If this is not case, we first perform a long division, and then
work with the remainder term).

2- The factors of g(x) must be known. If these two conditions
are met we can carry out the following steps:

Step | - let x—r be a linear factor of g(x). Suppose (x—r)"
Is the highest power of (x-r) that divides g(x). Then assign
the sum of m partial factors to this factor, as follows:

Do this for each distinct linear factor of f(x).

Step Il - let x*+ px+q be an irreducible quadratic factor of
g(x). Suppose (x*+ px+q)" is the highest power of this
factor that divides g(x). Then, to this factor, assign the sum
of the n partial fractions:

B, x+C, B, x+C, B, x+C,
+——2% 72 4 +
X2+ px+q (xX*+px+q)? (X*+px+q)"

Do this for each distinct linear factor of g(x).

Step Il - set the original fraction % equal to the sum of

all these partial fractions. Clear the resulting equation of
fractions and arrange the sums in decreasing powers of x.

Step 1V - equate the coefficients of corresponding powers of x

and solve the resulting equations for the undetermined
coefficients.

AR



EX-8 — Evaluate the following integrals:

1) [2X+S 5 [ sinx dx
Y x? -9 ’ cos® Xx—5c0s X +4
r xadx « 2x% —3X+2
2) | — 5 d
) | X*+4x+3 )| (x-1)(x-2) X
i x° - X - X +4x°
3 (x2+1)-(x—1)2 i o) | x2+4x+3dx
Sol.-
2X+5 2X+95
1)sz——QdX=J‘(x—3)-(x+3)dx
2X+5 A B
= 2X+5=A 3)+B(x-3
(x—3)-(x+3) x—3+x+3 = T (X+ )+ (X )
at x=3 = O6A=6+5 = A=16—1
aa x=-3 => -6B=-6+5 = B=%

IZX+5d _J'[ 1/ /]dx_ In(x - 3)+ éln(x+3)+C

X =9 —37 x+3

X dx X dx
) -[x2+4x+3=-[(x+3)(x+1)

X A B
(x+3)(x+1) x+3 X+1 = X—A(X+1)+B(x+3)

a x=-3 = A—E and at x=-1 = B=—E

I X dx J'[/ N /]dX— n(x+3)- ;|(X+1)+C

X2 +4%X+3 X+3 Xx+1

'Y



- X(x=1)x+1) X% + X
3 q .
)Ix+1Xx1 XIX+1XX1 ij+1XX1
X® + X Ax+B C
(x2+1XX—1)= x2+1 +X—1 = X2+X=(AX+B)(X—1)+C(X2+1)
x2+X=(A+C)x2+(—A+B)x+(_B+C)
A+C=1 ...(1)

, B=1,C=1

X" —X dX=I( 1 + L )dx=tan‘1x+|n(X—l)+C
x*+1 x-1

4) let y=cosx =  dy=-sinxdx

J~ sin X dx __J~ dy __J- dy
cos’x—5cosx+4 Jy*—5y+4 I (y-4)y-1)
ay A L B 1o A(y-1)+B(y-4)

(y-aXy-1D " y-4"y-1
y=4 = A=% and at y=1 = B=

sin x dx I[y/ /]

J‘cos X — 5cosx+4

1

at

= —%In(y—4)+%ln(y— 1)+c= —%In(cos x—4)+%ln(cos Xx—-1)+c

5) 2X* —3X+2 __A . B . C
(x—1P(x-2) x-1 (x-1) x-2
2x%=3x+2=A(x-1)x-2)+B(x-2)+C(x-1)

A+C=2 e (1)
-3A+B-2C=-3....(2)), = A=-2 ,B=-1,C=4
2A-2B+C=2 ... (3)
J~2X —3X+2 _J‘ N 4 dx
(x-1)*(x x—1" (x — 1) X—2
=-2In(x-1)+ +4In(x-2)+C

VY



3 2 X
)2( +4X = X — 3X x2+4x+3> x® +4x°
X°+4x+3 (x+3)(x+1)

6)

Fx3F4x*F3x
- 3X

3X A N B
(x+3)(x+1)_x+3 X+1

= 3X= A(x+1)+ B(x+3)

at X =-3 :>A=% and at x=—1:>B=—g

I X" +4x" dx=j X — % + % dx

X+3 x+1

x? 9 3
_7—§In(x+3)—gln(x+1)+c

6-6- Rational functions of sinx and cosx, and other trigonometric

integrals:
2
We assume that z=tan§ then x=2tan™z and dx=1+zzdz
Since
X 1+cosX X 2
COSZE=+T = cosx=200325—1= X—l
sec? =
2
2 2 1- 22
=——-1=—/—-1 = cosx= >
tan? > +1 z2°+1 1+7
Since
. X
2sIn—
) . X X X 1
smx:ZSlnz-cos—:—XZ-coszgz2tan§- -
CoS— sec? =
2 2
X 1 ) 27
2 1+7z

tan? > + 1
2

V¢



EX-9 — Evaluate:

1) . _ dx 4 j 3 d)_(
Y 1+ sIn X+ CoS X 2+4sin X
2) [— o 5)jsecxdx
J sinx+tan x
« dXx cos X dx
3) : 6) |
7 2+sIinX 1-cosx
Sol.-
2 dz
1)1‘ dx =J‘ 1+22 =J~ dz
1+ sin X + COS X 27 1-2z° 1+ 7z
1+ >+ 5
1+72 1+72
=In\1+z\+c=|n1+tan§+c
2
dz
2
2)_[ , ax = 1+2 =£J' l—z dz
sin X + tan X 21 N 21 27\ z

1+2° 1-2°

1 z° 1 x 1. ,X
=—|Inz——|+c=—|Intan———tan” — |+¢C
2 2 2 2 2 2

2 dz
3)I dx =I 1+ 72 =I dz =J‘ dz
2+sinx 7, 22 22 +z7+1 (z+1)2+§
1+ z° 2 4
let z+§=§tan0 = dz=£seczed0
I dx gseczede 5 5
— = = df=—=60+c
2+sinx J 3. 25 3 J3 J3
4 4
2tan§+1

-1

2 2
+C=—tan ——F— |+ C
ﬁj J3 J3

—itan-l(z”l
V3

Yo



2

dz
4)1& _.[— _J‘ 2*+1 =3J~ 2 dz
2 +4sin x 1+2sinXx 149 21 2°+4z7+1
72 +1
dz dz
=3 =
I(Z+2)2—3 I(Z+2) 1
J3
let %=sec€ = dz=\/§sec¢9-tan0d0
2
I 3 dx _I\/gseca-taneda_\/—jsecede o
2 +4sinx sec’ 6 -1 tan@ 9 2 +4z+1
J3

- ﬁjcse@ d6 = —/3In|csc @ +cot 4]+ ¢

tan§+2+\/§

=-+/31In 2+ 2 + V3 ‘+C=—\/§|n

Jz2+4z7+1 \/22+4z+1‘

\/tan2§+4tan§+1
2 2

1+z 2

5) Isecxdx _[

1 A N B
(1—2)(1+z)_1—z 1+7z

= All+2)+B(1-2)=1

at z=1 = A=% and at z=-1 = B=%

1-z 1+z2

Isecxdx=2j[ % + % ]dz=—|n(1—z)+|n(1+z)+c

1—tan§
2

. X 1—cos x ..
By substituting  tan—= 1/— implies
2 1+ cos x

_[secx dx = In|sec X + tan x|+ ¢

X
X X 1+tan5
= In(1+tan5]—ln(1—tan5]+c= In———={+c

+C



) |

J

1—z

1-cos x

1

1

z

+1

E

-[(1+z )z

B=1,C=0,D=

cos X dx I 1472
1—-cos X 1 z 1+z
1+
1-1z° A B Cz+D
T1a.2v2 -, T2 2
(1+2°)z° 1z z 1+z
Az+ Az*+B+Bz?+Cz°+Dz? =1-2°
A+C=0 ... ()]
B+D=-1..(2)
s=> A=0
A=0 ............ (3)
B=1...... (4) ]
cos X dx 2

1

1
=——=2tan"" z+cC

z

X X
=———2-—+c=—cot7—x+c

tan >
2

\R%

-2



Problems -6

Evaluate the following integrals:

* X3 1 3 1 2
1) dx (@ans.: =x"—=—=x“+x+In(x-1)+c)
s x-1 3 2
2) .3X+2dx (ans.: x+In(3x-1)+c)
s 3x-1
3) | x*-e*dx (ans.: —e *(x*+2x+2)+c)
4) [ x-sin x? dx (ans.: —%cosx2+c)
5) [v/x%-1dx (ans.:g x2—1—%ln‘x+\/x2+1’+c)
6) Sx+13 (ans. iIn]5x—1]—éln]7x+2]+c)
T (5x=1)(7x+2) 5 7
[ 2x=3 dx  (ans.: 1In]x—l]+iln\x—2\—iln]x+3\+c)
S (x=1)(x=2)(x+3) 4 5 20
8) | ?X (ans.: lInx_l—ltan‘lx+c)
S x" -1 4 |x+1
9) [ 1n x dx (ans.: x-Inx—x+c¢)
10) [tan! x dx (ans.: x-tan‘lx—%ln(1+ x%)+c)
. x° x°
11) | x-Inxdx (ans.: —Inx——+¢)
. 2 4
( -1 X° -1 1 -1
12) | x-tan™"x dx (ans.: 7tan X—E(x—tan X)+C)
2
13) | x* - cosax dx (ans.: X?sinax+%cosax—a—233inax+c)
14) 'sin(lnx) dx (ans.: g(sin(ln x)—cos(Inx))+c)
15) [In(a? + x? )dx (ans.: x-In(a2+x2)—2x+2atan‘15+c)
. a

YA



16) jx-sin‘1 X dx

17) Icos“ X dx

2
18) | cos® x-sin’®x dx

19) [ X - sin x dx

20) [ x*v1-x dx

21) [sin? x-cos? x dx

22) [sec® x-tan® x dx

23) Ix(cos"’ x% —sin® xz)dx

24) .'

25) .'

26) .'

27)

28) .'

29) .'

30) .'

(ans.:
(ans.:

(ans.:
(ans.:

(ans.:
(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

14

2
X . 1 . X
7sm ''x—=sin 1X+Z 1-x*+c)

%+£sin2x+3—125in4x+c)

5 n w
——co0s® Xx+—cos ® X—Ecos 8 xX+c¢)

— X-COSX + SINX +C)

__2 (1-x)* (15x2+12x+8)+c)

105
1 )
—2(4x—sm4x)+c)
1, 1
—sec® x-tan x —= sec X - tan x
4 8 )
1
—gln\secx+tan X/+c)
1sin x° —isin3 x° +icos x°
2 6 2 2
1
—=cos® x*+¢c)
6
2sin"t/x +¢)
2In(1+\/;)+c)
J3

— (—Inx)+c)

2 n
3o qf(ire ¥ - L 4f(Tee ¥ o)
1
3

2y° 2y°
In (2y +l) 3(2y° +1) +c)

gm—x+2&—2ln(&+l)+c)

In(e' =1)—t+c)



31 [ —7
) J1-tan’0

32)

33)

34) .'
(1+e?)?

35 [~ T2
)- X2+ x-2

36) [
I /3 —ge* -1

37) |

dy
T(2y+1)yi+y
3

38).'
39) |

40) |

41) [——
)| t* +4t° + 3

42) [ ——2
)- x*+2x3
« COS X dx

Y 4J1+cos X

43)

sy (22
)' x+\/;+l

45)
)- sec’t+tan®t

dé

e*.cos2x dx

- coto dé@
J1+5sin’0

e4t

dt

2

3 2
X° + X
dx

262x _ ex

dx

(1-x?)2 dx

- tan™! x

dx

X2

X-sin? x dx

dt

8dx

X dx

dt

(ans.:
(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

73

(ans.:

(ans.:

(ans.:
(ans.:
(ans.:
(ans.:
(ans.:
(ans.:

(ans.:

%0 + %In\sec 26 +tan 26|+ c)

e—cost+geX Sin2X+¢C)
5 5
sin@

S LU
71+ sin?@

3 s 9 :
EeZt(l+e2t )E —§(1+e2t )* +¢)

In

X2 4 2
—+—In(x+2)+=In(x-1)+c
7 +3 ( ) 3 ( )+¢C)

%(2\/3e“ —6e* -1 * )

In’«/g(ex—1)+\/3e2X—6eX—1]+c)

sec’'(2y+1)+c)

X

e 2 .

—C0S2X+—e*sin2x+c)

5 5

X tan™ x
—~———5—+¢C)
2

VX +1 X
2

X——isin2x+£c032x+c)
4 4 8

In

1

“tan"'t !

1 t
———tan  —+¢
2.3 J3 )

X 2 2
+———+¢C)
X+2 X X

x/E(Zsing—ln

In

)+C)

X X
sec—+tan—
2 2

x—2\/;+i3tan‘1 24x +1

V3 V3
J2tanT(+/2tant)—t+c)

+c)



dx
46) [———
) Il+cosz X

47) [In(~/x +~/1+x ) dx

48) .'

49) |

Y V4 -cos® x

50)

* V4 —sec? x

51) (

Tt—1-t?
52) |
[ sin™ +/x dx

e COS2X —1
J cos2x +1

53)

54)

xIn( x® + x)dx

cosx dx

sec?x dx

dt

e *.tanteX dx

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:

(ans.:
(ans.:

(ans.:

Y

1 1
—tan"'(—=tanx)+c)

2
xIn(«/;+\/1+ X )—# Z

+%In’2x+1+ 2\/x2+x‘+c)

NG 3 1
ZIn(x}+x)=-=x® +=In(x*+1)+c
> ( ) 2 > ( )+C)

In’\/3+ sin’ X + sin x’+c)

. 1
sin"!(—=tanx)+c)

J3
%In(t—\/l—t2 )—%sin‘1t+c)

—e™* -tan‘lex+x—%ln(1+ezx )+¢C)
] 1 — 1 2
X sin x—Esm x+§\/x—x +C)

X—tanx +c¢)



Chapter seven

Application of integrals

7-1- Definite integrals:
If f(X) is continuous in the interval a< x<b and it is
integrable in the interval then the area under the curve:-

if(x)dx= F(x) =F(b)-F(a)

a

where F(Xx) is any function such that F'(x)= f(x) in
the interval.

Some of the more useful properties of the definite integral are:-

1) .b'c f(x)dx = ci f(x)dx , where c isconstant.
2) [(f69F g(x) Jdx = [ F(x)dxF| g(x)dx
3) .b' f(x)dx = —i f(x) dx

b c b
4) Let a<c<b then jf(x)dx=j’ f(x)dx+j f(x) dx
5) [ f(x)dx=0
: b
6) If f(x)>0 for a<x<b then [ f(x)dx>0

7) If f(x)<g(x) for a< x<b then if(x)dxsig(x)dx
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EX-1 — Evaluate the following definite integrals:

6 dX 37:2
1)j 2) _[cosxdx
> X+ 2 %
¥ dx v dx
3) [ —= 4 |
_31+x 7 1= X2
4 . V4
5) _[e"fdx G)I(n—x)-cosxdx
_2 0

6

1) Iiz In(x+2)]6 =In(6+2)-In(2+2)=In8-1In4=3In2-2In2=1In2
X+ 2 2

2

37,

2) Icosxdx=sin X‘ZA =sin(§7r)—sin(£)=—1—1=—2
% 2 2 2

J3
dx = —1)¥3 — -1 -1 T T _2
3)_J;§1+X2—tan ‘_ﬁ_tan J3 —tan (_ﬁ)‘E‘(‘g)—gﬂ
\/54 e
4).[ & =Sin_1X4=Sin‘1ﬁ—sin‘10=£—0=£
o V1-x? 0 2 3

=-2(e?-e)=2(e—e?)

4 X X4
5) J.e_fdx=—2e_?
-2

6) Let u=7r—Xx = du=-dx & dv=cosxdx = v=sinx
j(yz—x)-cosxdx=(n—x)sinx];’+jsinxdx=(n—x)sinx—cosx];’
0 0

=(z—r)sinz—cosz—((z—0)sin0-cos0)=0—(-1)—(0-1)=2



7-2- Area between two curves:

Suppose that y, = f,(x) and Yy, = f,(X) define two functions
of x that are continuous for a < X <b then the area bounded above
by the Yy, curve, below by Yy, curve and on the sides by the vertical
lines x=a and X =D is:-

A=f[f1(x>— f,(x)]dx

EX-2- Find the area bounded by the x-axis and the curve:

y=2X- X’ y
2A
SLI'_ s
=0 e 1
Y Ol xm2)=0 o x=0.2 .
y=2X—-X" ... 2)
1 2

The points of the intersection of the curve and the x-axis are (0,0)
and (2,0) then the area bounded by x-axis and the curve is:-

312

X

2 3 4
I(Zx—xz)dx=x2—— =4-——(0-0)=—
0 3 3 3

0

EX-3- Find the area bounded by the y-axis and the curve:

x=y2—y3
y
Sol.- 4
1
X=0 .. (1)} 2(1 ) 0 0.1
= yl-y)=U0=Yy=0,
x=y' -y’ .02
= intersection points (0,0),(0,1) >
Thearea =
1 3 4t
1 1 1
A: 2 _ 8 d =y__y_ - 0 0 —
!(yy)ys4034()2




EX-4- Find the area bounded by the curve y= x* and the line:

y=X
SLI-' Ay
y=x*
2 y=x
y=x"e Wl 1)20 = x=20.1
y=X ... (2
1
= intersection points (0,0),(1,1) x > X
The area= !
1 2 3t
A=ﬂx—xﬁmul;-i-=3—3—0=3
) 2 3, 2 3 6

EX-5- Find the area bounded by the curves Y= x*=2x% and
y=2x" N

y=x*-2x

= x=0,2-2
= intersection pointsare (0,0),(2,8),(-2,8)

The area =
A= i(sz —(x*—2x? ))dx +j.(2x2 —(x*=2x° ))dx
e 0
2 572
= 22|).(4x2 — x4)dx = 2[%x3 —Xgl = 2[%-8—%—0}
_128

15



Notice:- We can use the double integration to calculate the area
between two curves which bounded above by the curve y= f,(x)

below by y = f,(X) on the left by the line X =a and on the right by

X =D, then:-
b fa(x)
A=I Idy dx
a fi(x)
To evaluate above integrals we follow:-

(a) integrating Idy with respect to y and evaluating the resulting

integral the limits y= f,(x) and y= f,(x), then:
(b)integrating the result of (a) with respect to x between the
limits x=a and x=D.
If the area is bounded on the left by the curve x=9,(Yy), on the
right by x=0,(Y), below by the line y=c, and above by the line
y=d, then it is better to integrate first with respect to x and then

with respect to y. That is:-
d 92(y)

A=I Idxdy

c g:(y)

EX-6- Find the area of the triangular region in the first quadrant
bounded by the y-axis and the curve y =sinXx,y =cosX.

Sol.- N
=SIiNX ..... 1
y (1) = SIN X = COS X .°.x:Z
Yy =C0SX .....(2) 4
The area =
%COSX % . %
A=I jdydx=j \Sinxdx=j(cosx—sinx)dx
0 sinx 0 0
T
= SiN X + COS X =i+i—(0+l)=\/§—l=0.414
o V2 42




11
sin x
EX-7- Calculate: .[.[Td x dy

0 vy y A x=1
y=X
Sol.- We cannot solve the integration . N
sin x N y=1
_[ I— dxdy , hence we reverse the N
_ _ RN
order of integration as follow:- N /
R > X
\af
= and y=1
=Yy y=0
X = 1 -
sinx sinx smx
A=[ [>=dydx=[="y|; j X — 0)dx
0 X 0 X 0

sin x dx =—cosx\; =—(cosl—cos0)=1-cosl

EX-8- Write an equivalent double integral with order of
integration reversed for each integrals check your answer
by evaluation both double integrals, and sketch the region.

3X+2 0 1-x 2 1-Xx
1)j jdydx 2) [ [dydx+[ [dydx

-2 x244% -1 -2x 0 _Xx

2

Sol.- Yy 4

y:5 6 J

y=3x+2 ....(1)
y=X+4x ..(2)

(x+2)(x-1)=0
either x=-2=>y=—4
or X=1=>y=5

x=1

_u2
y=X" +4— y=-a

y=3X+2



1 3x+2 3x+2

(a) | jdydx jy

-2 x%4+4x

1
dx=.[(2—x—x2)dx

x% +4x -2

1
2 3
X X

2 3

11
=2- - (-4-2+4+=)==>
>3 ( )

-2

(b) The reversed integral is: -

y=3x+2 = x=y%2

y=X2+4x = (X+2P =y+4 = x=—2F,y+4
Since —2<x<1 = X=-2+.y+4

5 —2+.y+4 5 -2+, y+4 5 __2
I dedy:jx :J‘L—2+q/y+4—y—jdy
4 y-2 MR b -4 3
‘g* 3
2 3, (y-2)
=-2y+—(y+4)? ———+—
3 6 B

2 9 36, 9
=-10+2(27)-2—(8+0-22)==2
52715 62

=The same result asin (a).

1-x

0 1-x 2 1-x 2 1-x
2) (a)j Idydx+j _[dydx j y dx+j y | dx
-2x 0 -
0 2 2 X XZO X22
=£(1+x)dx+.£(l—5)dx=x+7_1+x—70

S0—(-1+1)+2-1-0=23
2 2

(b) 1st region

}:>x=—1:> y=2 x from -1t 0



2nd region

y=1-x..(2)
X => X=2=y=-1
=—E ..... (2)
2 1-y 0 1-y 2 1-y 0 1-y
j dxdy+.[ .[dxdy=.[ X dy+j X dy
0o _y -1 -2y 0 -2 -1 -2y
2
2 0 2 2 2 0
=[(-Lyy+ [(a+y)y=y-2| +y+L
. 2 . 4, 2|,
=2—1—0+O—(—1+i)=§
2° 2

=The same result asin (a).

7-3- Triple integrals (Volume):

y from 0 to 2

@D\

y=1-x
(x=1-y)

y=-2X
(x=-y/2)

Consider a region N in xyz-space bounded below by a surface

z=f,(x,y), above by the surface

z=f,(X,y) and laterally by a

cylinder ¢ with elements parallel to the z-axis. Let A denote the
region of the xy-plane enclosed by cylinder ¢ (thatis, A is the region
covered by the orthogonal projection of the solid into xy-plane). Then
the volume V of the region V can be found by evaluating the triply

iterated integral:-

fo(x,y)

V =” .[dzdydx

A fi(xy)

Let z-limits of integration indicate
that for every (x,y) in the region A,Z
may extend from the lower surface

z=f,(x,y) to the surface
z=f,(X,y). The y- and x-limits of
integration have not been given X
explicitly in equation above, but are
indicated as extending over the
region A.

z=f,(x,y)

> z=f,(x,y)

RO



We can find the equation of the boundary of the region A by
eliminating z between the two equations z= f,(Xx,y) and
z= f,(X,y), thus obtaining an equation f,(X,y)= f,(X,y) which
contains no z, and interpret it as an equation in the xy-plane.

EX-9 The volume in the first octant bounded by the cylinder
Xx=4-y* andtheplanes z=Yy, x=0, z=0.

Sol.-
X=4-y° = y=FJ4-X in first octant
4 Ja-x y 4 Ja—x |y 4 Ja—x 4y2m
V= dzdy dx = dy dx = dvdx = | 22— d
[T fowof T ooe] Troopy o
0
4

4 2
=1j(4—x—0)dx=1 ax -2 :1{16—E—0}:4
23 2 2], 2 2

EX-10 The volume enclosed by the cylinders z=5-x*,z=4x* and
the planes y=0, x+y=1.

V = j T 5‘[Xdz dydx = _[ T

1-x

~5[(1-x)y

5—x? 1 1-x

dydx:j [(5-5x*)dy dx
-1 0

dx=5j’(1—x2 )(1 - x)dx

1 x2  x3 x4 1
=5I(1—x—x2+x3)dx=5 X————+ —
21 2 3 4 |

1 1 1 20

=5(1+1)——(1-1)——(1+1)+—(1-1)|=—

[(Jr) 2( ) 3(+)+4( )} 3



EX-11 The volume enclosed by the cylinders y*+4z°=16 and the
planes x=0, x+y=4.

Sol.-
yi+47°=16 = y=TF2J4-7°
2 242 4-y
V = jdxdydz
=2 —2y4-72 0
2 242 2 o (2422 2
- .[ (4-vy)dydz = j4y—y— dz=16](4—22%dz
22 iz =2 2 | ol -2

at =2 = ="
2

A
— S=D=
2 at z=2 = 0=g

let z=2sind = dz=2cos@df , 6 =sin"

2 2

IN

2 2 2
V = 16.[(4—4sin20)%20056d0=64Icoszed0=64j%d0

2 2 2
2
_71'

—32 0+ Lsin20 | =32/ (Z+ %)+ 1(0-0)|=322
2 - 27272

EX-12 The volume bounded by the ellipse paraboloids z= x*+9y?
and z=18-x*-9y*.

Sol.-

z=18-x"-9y* .(1

y: () = 9-x"-9y*=0 = y=$£\/9—x2
z=X"+9y° ... (2) 3
3 %W 18-x2-9y? 3 %W

V=.[ .[ jdzdydx=j .[[18—x2—9y2—(x2+9y2)]dydx
- % o_xz X'+9y? -3 —%W



V=2J-(9—x2)y—3y3} dx
-3

Lo
3

3 g2 2 2 % _y?2 %
=2J-[(9—x2)[\/93x +\/93X ]—3[(9 2);) +(9 2);) }]dx

=%j(9—x2)%dx

at x=3 = =2
2

X
, O=sin"= =So

at x=—3 = 0=—£
2

let x =3sin@ = dx = 3cos@ d@

©|oo
'—.N|§

dé

0 [y NN

% :
(9-95sin?@)’2 3c0s6 d6 = 72jcos40d0 72j 1+C0329
- -2

V2

2
(L+2c0520 -+ c0s*20 ) d6 = 18 [ (1+ 2c0520 + C°S4‘9

18

)dé

I
ISR

2

ey [ N

9

NN

2

(3-+4c0520 + 0540 ) d6 = 9[30+ 2sin 20+%sin40}2

- 9[3(%+%)+ 2(sinz —sin(—z ))+%(Sin2ﬂ'— sin(=27 ))} —27x

7-4- The length of a plane curve:-
The length of the curve y= f(x) d
from point A(a,c) to B(b,d) is:-

b
d
|_=j1/1+(%)2 dx

If x can be expressed as a function
of y then the length is:-

AR



Let the equation of motion be x=g(t) and y=h(t)
continuously differentiable for t between t,(at A)and t,(at B),
then the length of the curve is:-

|_—tj?\/(0'—x)2 (W gt
SVt dt

EX-13 - Find the length of the curve:
1) y=%(x2+2)g from x=0 to x=3

2) 9x2 = 4y° from (0,0) to (2+/3,3)
3)y=x% from x=-1 to x=8
Sol.

1) y=1(x2+2)% = d—y=x(x2+2)%
3 dx
3

3 3 3
L=J.\/1+x2(x2+2)dx=_|‘(x2+1)dx=x?+x —94+3-0=12
0 0

0

2) 9x* =4y’ = x=$%y% Since x from 0 to 2+/3
then x=gy% = d—x=y%
3 dy
; 2 B2 14
L=|41+ydy=—(1+Vy)| =—[8-1|=—
!\/ ydy=2(1+y)| =2[8-1]=
2 dy 5 1 4y
3 y=x® > —=—Xx2?
)y i3 4
Since g—y=oo at x=0 2 )
X
_ 3 dx _3 : \\ >
then x=+w::——=+5y2 2 0 2 4 6 8

4

1
(4+9yﬁ
T3

%

dy
L[ 9 1| (4+9y)
L=|.1+—ydy+|,1+—ydy=—
! 4 ! 4 18 %

=%[( 13713 — 44 )+ (404/40 — 444 )= 1051

0 0

'Y



EX-14 — Find the distance traveled between t=0 and t=% a

particle P(x,y) whose position at time t is given by:-
Xx=acost+a-tsint and y=asint—a-tcost where a IS a

positive constant.

Sol.

X=acost+a-tsint = 3—1(=a-tcost

y=asint—a-tcost = j—¥=a-tsint
dy
L= _[ ( ) dt—_[\/a -t°cos’t+a’-t’sin’t dt
H 2
=ajtdt=3t2 AT o225,
0 2 . 2| 4 8

EX-15 - Find the length of the curve:-
x=t—sint and y=1-cost ; 0<t<2x

Sol.

X=t-sint = z—i[(:l—cost

y=1-cost = z—y_sint
dy
L= _[ ( ) dt—_[\/(l cost )’ +sint dt

—J\/l 2c0st + cos?t + sin tdt—_Nl 2cost + 1 dt

_2_[1/1 COStdt_zj'sm dt = —4cos;

= —4[COS7r —cos0]= —4[— 1-1]=8

27

0

VY



/-5- The surface area:
Suppose that the curve y= f(x) is rotated about the x-axis. It

will generate a surface in space. Then the surface area of the

shape is:-
; dy 2d
S=|2 1+ (==
Jom yy 1+ ()" o

If the curve rotated about the y-axis, then the surface area is:-

d
dx
S=[27x /1+(d—y)2 dy

If the curve sweeps out the surface is given in parametric form
with x and y as functions of a third variable t that varies
from t, to t, then we may compute the surface area from the
formula:-

S=tjb27r \/(—)2+(dy)2 dt

where p is the distance from the axis of revolution to the
element of arc length and is expressed as a function of t.

EX-16 — The circle x*+ y*=r? is revolved about the x-axis. Find
the area of the sphere generated.

Sol.-

N dy X

y=Ari-xt = e

S= IZﬂy1/1+( )dx—jan/r — X 1/1+ - dx = 2ﬂrjdx

=27r(r—(-r))=4xr?

-r

=2nrx

V¢



EX-17 — Find the area of the surface generated by rotating the
portion of the curve y=%(x2+2)g between x=0 and x=3

about the y-axis.
Sol.-

y=t(x+2) > x=(3y)-2)f > X L
3 dy ~ (3y)-(3y) -2)

1, , 3 at x=0 2.2 at x=3 114/11
=—(X"+2) === y=—— and === y=
3 3 3
11\3/H 1
S= 2m/(3y)5—2-\/1+ . _ dy
L (3y) -2)(3y)

N

_ ”W(gw ~2(3y) +1 “”« v -1y

w’%'—.

(3y)3 242 (3y)3
_znj [(3y) 3y oy - 2{;(33) ;(3§y)aL
[ 1V 2V2 |
Gy gy BgY 22 o9
= (3 ) (35 = T

3

EX-18 — The arc of the curve y=%+i from x=1 to x=3 is

rotated about the line y=-1. Find the surface area generated.

Sol.-

Yo



_x 1 o e 1 _4xi-1
Y =73 " ax ax 4x%> 4X?

4

3 4 4 2
4x"+12x+3 [(4Xx" +1)
=2 dx
”! 12x | 16x°

3
=214J‘(16x5 +48X* + 16X+ 12x7% + 3x7 % )dx
1

3 3 4_ 2
S=27Z'J‘(X_+i+1) 1+udx
. 34X 16 x

- 3
A VT S N 32
24| 3 X  2X° ],
|8 1 3,1
= | Z(729-1)+16(27 -1)+8(9-1)-12(5-1)- (= -1
24_3( )+ 16( )+8( ) (3 ) 2(9 )}
1823
=—7
18

EX-19 - Find the area of the surface generated by rotating the curve
x=t>? , y=t , 0<t<1 aboutthe Xx-axis.

Sol.-

x=t>* = —=2t and y=t = =1

ty 1
S = jzan(z—’t‘)z +(3—3t’)2 dt = 2ﬂjtx/4t2 +1dt
t, 0

=%[(4t23/-;1)2] 75 1]

0

1



Problems -7

1) Find the area of the region bounded by the given curves and lines
for the following problems:-

1. The coordinate axes and the line x+y=a
2. The x-axis and the curve y=¢e* and the lines x=0 , x=1
3. Thecurve y?+x=0 and the line y=x+2
4. Thecurves x=y? and x=2y—y?
5. The parabola x = y—y? and the line x+y=0
(ans.: 1.a—2 ;2e—1; 33 ;4.1 ; Si)
2 2 3 3

2) Write an equivalent double integral with order of integration
reversed for each integrals check your answer by evaluation both
double integrals, and sketch the region.

2

1. J%e_[dydx (ans.: e‘[ idxdy e’ =3)
0 1 1 Iny

Z.j Jl.dxdy (ans. : i ]dydx : —)
0 Jy 0 0
V2 4-2y? \/?

3. I I y dx dy (ans.: I _[ y dy dx ; —)
0 -2 0

3) Find the volume of the tetrahedron bounded by the plane

X YA .
g+%+E =1 and the coordinate planes.

(ans.: é\abc[)

4) Find the volume bounded by the plane z=0 Ilaterally by the
elliptic cylinder x*+4y?=4 and above by the plane z= x+2.

(ans.: 4rx)

\R%



5) Find the lengths of the following curves:-

1. y=x% from (0,0) to (4,8) (ans.: %(10\/5—1))
3
2. y=X—+i from x=1 to x=3 (ans.: E)
3  4x 6
4
3. x=y—+i2 from y=1 to y=2 (ans.: ﬁ)
4 8y 32

4. (y+1)°=4x> from x=0 to x=1 (ans.:%(lom—l))

6) Find the distance traveled by the particle P(x,y) between t=0 and

2

. - i .. t 1 3
t=4 if the position at time t isgivenby: x=— ; y=—-(2t+1)

2 3
(ans.: 12)
7) The position of a particle P(x,y) at time t is given by:
2 2
X =%(2t+3)2 ; y=%+t . Find the distance it travel between t=0
21
and t=3. (ans.: 7)

8) Find the area of the surface generated by rotating about the x-axis
the arcof thecurve y=x® between x=0 and x=1.

. T _
(ans.: > (10«/5 1))

9) Find the area of the surface generated by rotating about the y-axis
the arc of thecurve y= x> between (0,00 and (2,4) .

(ans.: %(1%/?—1))

10) Find the area of the surface generated by rotating about the y-

2 2
axis the curve y=x7+% ; 0<x<1. (anS.:gﬂ'(Z\/E—l))

2

11) The curve described by the particle P(xy) x=t+1, y=%+t

from t=0 to t=4 is rotated about the y-axis. Find the surface area
that is generated.

(ans. : %n( 134/13 - 1))

YA



Chapter eight

Matrices and Determinants

A matrix is a rectangular array of elements (scalars) from a
field. The order, or size, of a matrix is specified by the number of
rows and the number of columns, i.e. A an “m by n” matrix
has m rows and n columns, and the element in the ith row
and jth column is often denoted by a;; :

all alZ a1n
a21 a'22 a'2n
= [aij ]=
_aml am2 amn _

A vector is a matrix with a single row (or column) of n
elements, i.e. the column vector is:-

a;

A=| . and row vector is A=[al a, . . an]

The matrix is square if the number of rows and columns are

equal (i.,e. m =n) and the elements a; of a square matrix are
called the main diagonal.

1 0
1 0
The identity matrix: I =|... .. .. .| issquare matrix
|0 0 .. 1]

with one in each main diagonal position and zeros else.



fa, O 0 ]
0 a, 0
The diagonal matrix D =| -+ -+ . .| hasthe elements
0 0 .. a,
a; 4, ,....,ap In its main diagonal position and zeros in all other

locations, some of the a; may be zero but not all.

A nxn triangular matrix has the pattern:-

ay A, ... Ay, a, 0 .. O
0 a, .. a,, a, a, .. 0
or
_O O ann_ _anl an2 ann_
lower triangular matrix upper triangular matrix
[0 0 0 ]
O 0 .. O
The mxn null matrix:- O=|.. .. .. ..| haszeroin each of
0 0 0 |
its positions.

Elementary operations with matrices and vectors

1. Equality:- Two mxn matrices and A and B are said to be
equal if: a;=Db; V pairsof iand j.

EX-1 - Find the values of x,y for the following matrix equation:

x-2y 0| |3 0
—2 6| |-2 x+y



X—2y=3
x—2y=3 ..(1) } L 2x+2y=12
X+y=6 ..(2)*2 3x=15:>\x:5\

substituton x=5 in(2) = 5+y=6 = |y=1

2. Addition:- The sum of two matrices of like dimensions is the
matrix of the sum of the corresponding elements. If:-

a; A, .. a4, b, b, ... b,
a a ... @ b b ... b
A= 21 22 2n ’ B = 21 22 2n
_aml amz amn_ _bml bm2 bmn_
then
all 1 bll a'12 1 b12 aln 1 bln
a,,tb a, Fb a b
ATB= 21 21 22 22 2n 2n
_aml 1bml am2 1bmz amn ibmn_
thus:
1) A+B = B+A

2) A+(B+C) = (A+B)+C
3) A-(B-C) = A-B+C

EX-2- Find A+B and A-B if:-

2 1 3 1 -2 2
A= ., B=
[1 0 —2} [2 3 —1}

(241 1-2 3+2 [3 -1 5
142 0+3 —-2-1| |3 3 -3

[2-1 1-(-2) 3-2 } [1 3 1}
A—B= =
1-2 0-(+3) -2—-(-1)| |-1 -3 -1



3. Multiplication by a scalar:- The matrix A is multiplied by the
scalar C by multiplying each element of A by c:-

cay, Ca;, .. Ca
Cd, Cap ... Cay,
CA =
ca,; Ca,, ... Ca, |
A 3 2 1 _
EX-3- Assume o 5 _1 ,find 3A.

Sol.-
3A 3*3 3%2 3*1 | |9 6 3

|3%0 3%5 3%(-1)| [0 15 -3
4. Matrix multiplication:- For the matrix product AB to be defined
it is necessary that the number of columns of A be equal to the
number of rows of B. The dimensions of such matrices are said to be

conformable. If A is of dimensions mxp and B is pxn, then the ij th
element of the product C=AB is computed as:-

p
Cij = z aikbkj
k=1

This is the sum of the products of corresponding elements in the i th
row of A and jth column of B. The dimensions of AB are of
course mxn.

6 5 4
1 2 3
EX-4- Assume A= 10 1 and B=|-1 1 -1]| find AB.
O 2 0

Sol.-

—1*6+0(-1)+1*0 —-1*5+0*1+1*2 —-1*4+0(-1)+1*0

[4 13 2
|-6 -3 -4

[1*6+204)+3*0 1%5+2%1+3%2 1*4+204)+3*0}



Properties of multiplication:-
a) A(B+C)=AB+ AC distributive law

b) A(BC)=(AB)C associative law
c) AB = BA commutativ e law does not hold
d) Al=1A=A

1 2 3 -1
EX-5- Assume A{o 3} and B=[2 1} , verify that AB = BA.

Sol.-
1 2][3 -1
AB = =
o sl ]

5. Transpose of matrix:- Let A is any mxn matrix the transpose of A
is nxm matrix A" formed by interchanging the role of rows and
columns.

I RS P PSP

Hence AB = BA

!

a, adp .. a4, a; ady ... Ay,
A= Au  Byp o | |8 Ap e Ap
a'ml a‘m2 a‘mn_ _aln a‘2n a‘mn_

If a matrix is square and equal to its transpose, it is said to be
symmetric, then a;=a; for all pairsof i and j.

Properties of transpose are:-
a) (A¥BY=A"¥B’

b) (AB) = B'A’
¢) (A) = A
3 2 5 4 -1 0
EX-6- Assume A=[2 -1 4| and B=|5 4 3| show that:-
5 4 0 2 1 -1
1) A is symmetric matrix 2) (A+B)Y=A"+B’

3) (ABY = B'A’



’

3 2 5 3 2 5
1) A=|2 -1 4| =|2 -1 4|=A = A isasymmetricmatrix.
5 4 0 5 4 0

1 77 7
2) LHS.=(A+B) =|7 3 =1 3 5
7 5 -1| |5 7 -1
3 2 5/ [4 5 2] ([17 7
RHS=A+B'=[2 -1 4|+|-1 4 1]=|1 3 5 |=LHS.
5 4 0|0 3 -1| |5 7 -1
. (A+B) = A +B'
32 10 17 [32 11 40
3) LH.S.=(ABy =|11 -2 —7] —{10 —2 11
40 11 12 1 -7 12
4 5 273 2 5] [32 11 40
RHS=BA=|-1 4 1|2 -1 4|=|10 -2 11|=LHS.
0 3 -1||5 4 of |1 -7 12
~. (AB) = B'AY

6. Vector inner product:- The inner product of two vectors with the
same number of elements is defined to be the sum of the products of
the corresponding elements:-

_blw
b, n
A'B=[a1 a, - an] : =Zaibi
: i=1
| bn |

Since the inner product is a scalar, hence A'B = B'A. Moreover, the
inner product of two vectors may be taken the following term:-



_al_ _albl ale albn_
a ab. ab, - a)b
ABIZ :2 [bl b2 bn]= 2™ 22 2¥n
| a, | ab, ab, - ab,
Which is nx n matrix.
5 2
EX-7- Let A=[-2| and B=|-1| find A'B and AB’
1 3
Sol.-
2
AB=[5 -2 1]|-1|=5#%2+(-2)*(-1)+1%3=15
3
5 10 -5 15
AB'=|-2[2 -1 3]=|-4 2 -6
1 2 -1 3

Determinants

The minor of the element a; in a matrix A is the determinant of
the matrix that remains when the row and column containing a;; are
deleted. For example, let:-

a11 a12 a13

: . alZ a‘13
A=|a, a, a,| thenthe minor of a,, is
a32 a33
a31 a32 a33
a11 a12 a13 a14 a a a
a21 a22 a23 a24 : : " . .
A= then the minor of a,, is |a,, a,, a,
a31 a32 a33 a34 a a a
Ay 8y 8y Ay “ “ “

and so on.



The cofactor of a; is the determinant A; thatis (-1)™ times the
minor of a;; . Thus:-

for matrix 3x3)= A,, =(-1)**°

11 a'13 a'14

a a
for matrix (4x4)= A, =(-1)*"" s Ay =|ay, 8, Ay
a a

2 Q43 Ay

With each square matrix A we associate a number det A or |A
or ‘aij ‘ called the determinant of A, calculated from the entries of A

in the following way:-
for n=1, A=[a] = |A|=a

a, a
for n=2 , A=| " 12}:

_a21 a'22

a‘11 a12 a‘13
for n=3 , A=|a, a, a,

_3-31 ag, a33_

|A| = Ay @pdg + apayds +a;3a,8,, — (a13a22a31 +apadgas, + a12a21a33)

The determinant of a square matrix can be calculated from the
cofactors of any row or any column.

2 1 3
EX-8- Find the determinant of the matrix;- A=|3 -1 -2
2 3 1
Sol.-
1% method - = -

=2(-1)-1+1(-2)-2+3-3-3-(3(-1)-2+2(-2)-3+1-3-1)
=36



2" method
If we were to expand the determinant by cofactors according to
elements of its third column, say, we would get:-

A= a13A13 + a23A23 + a33A33

3 -1 2 1 )
=3(_1)1+32 3 +(_2)(_1)2+32 3+1(_1)3 3

=3(9—(-2))+2(6-2)+(-2-3)=36

2
3 -1

Useful facts about determinants:-

F-1: If two rows of matrix are identical, the determinant is zero.

3 -1 2
EX-9 Show that:- |2 —3 3=0
3 -1 2
Sol.-
3 -1 23 -1
2 -3 52 -3 =-18-15-4—-(-18-15-4)=0
3 -1 23 -1

F-2: Interchanging two rows of matrix changes the sign of its
determinants.

2 1 5 |-1 0 3
EX-10 Show that:- -1 0 3=- 1 5

1 -2 4 1 -2 4
Sol.-

2 1 52 1
LHS.=-1 0 3-1 0 =0+3+10-(0-12-4)=29
1 -2 41 -2
-1 0 3-1 0
RHS.=2 1 52 1 =—--4+0-12—(3+10+0))=29=LHS.
1 -2 41 -2
2 1 5 |1 0
-1 0 3=-2 1 5
1 -2 4 |1 -2 4



F-3: The determinant of the transpose of a matrix is equal to the
original determinant.

2 1 5 |2 -1 1
EX-11 Show that:- -1 0 3=1 0 -2

1 -2 4 5 3 4
Sol.-

LH.S.=29 fromex-10
2 -1 1|12 -1
RHS.=1 0 -21 0 =0+10+3-(0-12-4)=29 = LHS.
5 3 4|5 3
2 1 5 2 -1 1
-1 0 3=1 0 -2
1 -2 4 p 3 4

F-4: If each element of same row (or column) of a matrix is
multiplied by a constant C, the determinant is multiplied by C.

6 3 15 |2 1 5
EX-12 Show that:- -1 O 3|=3-1 0 3
1 -2 4 1 -2 4
Sol.-
6 3 156 3
LHS.=-1 0 3-1 0 =0+9+30-(0-36-12)=87
1 -2 4|1 =2
RH.S.= 3¥29=87 = LHS.
6 3 1§ |2 1 5
-1 0 3|=3-1 0 3
1 -2 4 1 -2 4

F-5: If all elements of a matrix above the main diagonal (or all below
it) are zero, the determinant of the matrix is the product of the
elements on the main diagonal.



EX-13Find:- |2 3 O

SL'.-
0 05 O

3 02 3 =60+0+0-(0-0-0)=60
-1 41 -1

Or directly 5*3%4=60

5
2
1

F-6: If each element of a row of a matrix is multiplied by a constant
C and the results added to a different row, the determinant is not
changed.

2 1 5
EX-14 Show that |A=[B| if A=-1 0 3| and B is the matrix
1 -2 4
resultant from multiplying row (1) by 2 and adding to row (3).
2 1 5
ie. B=|-1 0 3
5 0 14
Sol.-
|A=29 from ex-10
2 1 5(2 1
Bl=-1 0 3|-1 0 =0+15+0-(0-0-14)=29
5 0 145 O
1A=
1 -2 3 1
_ 2 1 0 2
EX-15Find |_1 2 1 _»
0 1

Sol.-

AR



1 -2 3 1
-2R+R, 2 1 O
=== 1 _o Expanding the determinant by using the
0 2 1
5 2 05 2
first column. >>=10 4 -10 4 =20+6+0—-(0-10+0)=36
1 -6 1|1 -6

Linear Equations
There are many methods to solve a system of linear equations:
AX=B

I) Row Reduction method It is often possible to transform the linear
equations step by step into an equivalent system of equations that is
so simple it can be solved by inspection.

We start with nx(n+1) matrix [AEB] whose first n columns
are the columns of A and whose last column is B. We are going to
transform this augmented matrix with a sequence of elementary row
operations into [I ES] where S is the solution of X.

2X+3y—-4z=-3
EX-16 Solve the following linear equation: X +2y+3z=3
3X—y—12=6
Sol.
2 3 -4 X -3
AX=B where A=|1 2 3|, X=y , B=
3 -1 -1 6

[A'B]=|1 2 3 i3 |=>=>= |1 2 323

2 3 -4 :-3 0 -1 -10 : -
—2R,+R,
. —3R,+R; .
3 -1 -1:6 0O -7 -10 :-3
_ (1 2 3 :3 1 0 -17:-15
inter change 2Ry+Ry
>== [0 -1 -10:-9|=>=>= |0 -1 -10:
R;and R, . —7TRy;+R;
0 -7 -10i-3 0 0
; (1 0 0:2 1 0 0:2
s RetRy Ry*(-1)
2210 -1 0i 1| === 0 1 0i-1{=[1:8]
o 0 6060 " |0 0 1i1

'Y



Hence |y|[=|-1| = |x=2 ,y=-1 ,z=1

I1) Cramer’s Rule When the determinant of the coefficient matrix A
of the system AX=B is not zero (i.e. ]A\ # 0) the system has a unique

solution that it may be found from the formulas:

. Al

=TA Where |A] is the determinant of the matrix, comes

from replacing the ith columnin A by the column

of constant B.

EX-17 Resolve example 16 using Cramer’s rule:
Sol.

2 3 42 3
A=|1 2 3|1 2 =-4+27+4-(-24-6-3)=60
3 -1 -13 -1
-3 3 -4-3 3
A|=|3 2 3|3 2 =6+54+12—(-48+9-9)=120
6 -1 -16 -1

2 -3 —42 -3
A=l 3 3[1 3 =-6-27-24—(-36+36+3)=-60
3 6 -13 6
2 3 -32 3
A|=[1 2 3|1 2 =24+27+3-(-18-6+18)=60
3 -1 6[3 -1
o IAl_120 —
S X_’N_GO X=2
A —60 -
y_ N_ 60 = y— 1
_|Al_s0 _
e T

Thesameresultinex - 16.

VY



Problems — 8

3 1
A= _| 23 C=|4 -1
1) Let A=y , o1 4 -2 -
0 2
1 0 4 _—
D=|0 1 2|, E=[ - ].Find:-
4 2
0 -1 1
a) AB b) DC ¢) (D+1)C d) DC+C e) DCB
f) El g) 3A+E  h) -SE+A i) E(2B)
110 1 3 9 6 10| [-6 42 -9
ans.:a)_ _}b)4 3lcd)| 8 2]e| 1 20 6
—4 16 -8
: —4 3 ~4 5| |-7 4 -18

3 -1 6 5 -14 7| |8 4 22
f 4 2} g)[4 14} h)[—zo —6} ')[4 32 16

N

2) Find the value of x :-
2 1 0] x
[x 4 1]j1 0 2||-7|=0

024%

[anss x=g or x=1]
ans.: x=§ or x=1

3) Find v and w if: [5 w]=v[-2 1].

(s wmv=3)
ans.: w=v=-——
2

0 2
4 A=t TP 2 B=|-1 3| Fina:
) Let g 1 4| B7 , Find:-
5 =2
a) 2A+ B’ b) B'A"— I
(ans.:a)[2 -3 9} b)[10
2 5 6 -5
3 0 1
sLetA=| 0 1 2|.8=] " | Fina:
) € - ' - _1 3 2 y Ina:-
-1 1 5

V¢

|

19

-6

|




(2A-1)B' and show that

6) For what value of x will:

(ans.

- X

(AB) = B'A’
-1
11
26

02

7) Let A be an arbitrary 3 by 3 matrix and let R, be the

matrix obtained from the 3 by 3
0O 1 0

identity matrix by

interchangingrow land2: R, =|1 0 0], a) Compute Rj,A

0 0 1

and show that you would get the same result by interchanging
rows 1 and 2 of A. b) Compute AR;, and show that the result
Is that you would get by interchanging column 1 and 2 of A.

8) Solve the following determinants:-
2

2 31

a)ldh 5 2

d)

g)

1 2 3

1 0 -1
0 2 -2
2 0 1

b)l-1

3

e)

w O O -

a21
ans.: a)l a,;
a31
-1 -2
2 1 c)
0 -3
1 0 O
0o -2 1
-1 0 7
0 2 1
0100
h)O 1 1 0
1 1 11
1 1 0 0
ans.: a)->5
( e )38

Yo

a‘22 a23
a‘lZ al3
a‘32 a33
2 -1
1 0
0 2
1
0
f
o
0
b )0
f)1

a12
b) | a,,
a32

o O = DN
w DD NN W

c)-7

g)2

N P W b

h)-1

a11
aZl
a31

d)6

a13
a23
a33

J



9) Solve the following system of equations:-
C) X+ y+z=2

2X —y+z2=0
X+ 2y—z=4

a) x+8y=4 b) 2x +3y =5
33X —y=-13 X —y =2

d)2Xx +y-z=2 e)2x-4y =256 f)x—z =3
X —-y+12=7 X+y+z=1 2y-21=2
2X +2y+z2=4 Sy + 7z =10 2X +z =3
9) Xk X =X ¥ X =2 Ay e dz= 19
6Xx +4y—-2z=8
X +5y+4z2=23

X, =X, + X;+ X, =-1
Xi+ X, + X=X, =2

X, + X3+ X, =-1
ans.: a)x=-4,y=1 b)yx =y=1
c)x=79,y=17—0,z=—7E d)x=3,y=-2,2=2
e)x=0,y=—%,z=% fyx=2,y=0,z=-1
g)xl=2,x2=0,x3=x4=—i h)x =-2,y=5,2=0

2

1




Chapter nine

Complex numbers

If the imaginary unit i (where i’ = -1) is combine with two real
numbers «a,B by the processes of addition and multiplication,

we obtain a complex number a+if8 . If a =0, the number is
said to be purely imaginary, if B =0 it is of course real. Zero is
the only number which is at once real and imaginary.

Two complex numbers are equal if and only if they have the
same real part and the same imaginary part.

ie. a+ip=a,+if, < a,=a, and p, =p,

Assuming that the ordinary rules of arithmetic apply to
complex numbers, we find indeed:-

1 (e +iB))F(a,+1B,)=(a, Fa, ) +i(B,F B,)

2. (a,+ip Na, +1B,)=(a,a, — BB, )+ (. B, + @, ;)
where i°=-1

a, +ip; o %2~ iB, _ o + .5, +i ap+apf,

a,+if, a,-ip, a, + a, +1f;

The real number a, —if, that is used as multiplier to clear the
I out of the denominator is called the complex conjugate of

a,+1pB,. It is customary to use z to denote the complex
conjugate of z,thus z=a+if and z=a—-if .

We note that i" has only four possible values 1,i, -1, -i.
They correspond to values of n which divided by 4 leave the
reminders 0,1,2,3.

EX-1 - Find the values of :

1) (1+2i) 2) _35+4i 3) ( 2“_)




1) (1+2)°=1+6i+12i°+8i°=1+6i—-12-8i=-11-2i
5 -3-4i -15-20i _ 3 .4

—3+41 -—-3-4j 9+16 5 5

3 (2+1,3+2 ©(6+47i-2) (4+7iY
3-2i 3+2i) \ 9+4 ) \ 13

_16+56i-49 33 56

2)

=— + |
169 169 169
EX-2- If z=x+1y where x and y are real, find the real and imaginary
parts of:-
1) 2* 2 L e 4 L
z z+1 z

Sol.-

1) 2% = (x+iy)* = x* + 4x3(iy )+ 6X2(iy ) + 4x(iy)* + (iy )*
=(x*—6x°y? +y*)+i(4x°y—4xy?)
1 1 x-ly  x-ly X .Y

2) == - - -
)z X+iy x—iy x°+y> x*+y? Ix2+y2

z—1=(x—1)+iy*(x+l)—iy=x2—1—2iy+y2
z+1 (x+1)+iy (x+1)—iy (x+1)+y?
o xP+yi-1 N 2y
(X+1)+y>  (X+1)+y?

3)

1 1 1 X2 — y? — 2xyi
72 (x+iy)Y xXP—yi42xyi x*—y®—2xyi
oxPoyre2xyi o xP—yt N 2 Xy
_(xz—y2)2+4x2y2_(x2+y2)2 (x2+y2)2

_1Fi3

3
EX-3- Show that [ 5 ] =1 for all combination of signs.

Sol.-



L.H.S.:[‘lzi@] =%[(—1)3+3(—1)2($i«/§)+3(—1)($i\/§)2+($i«/§)3]
T |
=§[—1+/¢4§+9i)5ﬁ§]=1= RH.S.

EX-4- Solve the following equation for the real numbers x and y.
(3+4i) =2(x—iy)=x+1iy
Sol.-

9+ 24i+16i° =2X —2iy + X + iy

—7+24i=3x-1y = —-7=3x = x=—7§

ﬂ——> 2d=-y = y=-24

Argrand Diagrams:- There are two geometric representation of the
complex number z=X+1y :-

a) as the point P(x,y) in the xy-plane , and
b) as the vector op from the originto P.

In each representation, the x-axis is called the real axis and the y-
axis is the imaginary axis, as following figure.
In terms of the polar coordinates of x and y, we have:-

y
X=rcos@ , y=rsing , tan0=% P(x.y)
r
and z=r(cos@+isiné) y
(polar representation) 0 6 X

The length r of a vector Fp from the origin to P(x,y) is:
| +iy| =/ x* + y?

The polar angle @ is called the argument of z and is written
@ =argz



The identity e'® =cos@+isind is used for calculating products,

quotients, powers, and roots of complex numbers. Then z=re"
exponential representation.

a) Product: To multiply two complex numbers (figure below):

, , z,|=r, , argz, =6,
z,=re™ and z,=re"* sothat
z,|]=1, , argz, =6,
Then z,2,=re"" -re'% =r r,e' %) y
YAWA) Zo
h 2, 2,|=1 1, =]z, || 2,
ence
arg(z,z,)=60,+6,=argz, +argz, ) r 2
ry I ry
" o «
z, e 1 _ie,-e)
b) Quotients: — =" =€ '
) Q z, e’ o, 0

=E=H and arg[
|z,

z

Z,

Z1
hence o

J=6’1—6?2=argzl—argz2

2

EX-5-Let z,=1+i and z,= J3—i find:
1) the exponential representation for z; and z,.

z : :
2) the values of z,z, and z_l in exponential and polar
2

representations.
Sol.-

1) z,=1+i = x, =1, y,=1 = = x2+y2=41+1=42

tand=2 = 6, =tan' P =tan'1=2 nz,=+2e"

X X, 4
z,=3-i = %, =43 ,y,=-1 = ,=xX2+y?=3+1=2

Y2 _gpr 71

X, V3

= 6, =tan =—% sz,=2e °



2) z,2,=~2e%-2e 6 =222 exponential representation

r=2«/§,0” =

12
2,2, = 24/2| cos 2= + i sin—— polar representation
12 12

"y 5
4 _ N2 e-” -1 e 2 exponential representation
2 2e® V2

1 5
r=— , 0=—n =
J2 12

c) Powers: If n is a positive integer, then:

2" =(re')" =r""" hence |z"

=r" and argz"=néo

DeMoivres Theorem : (cosé@ +isin@)" =cosn@ +isinnd

EX-6- Find: (x/g—i)lo

Sol.-
x=v3 B

V3-i — r=+43+1=2 and ¢9=tan‘1l=tan‘1—1=_E
y=-1 X J3

. T .. T T . . 7T
3—1=2| cos(——)+isin(——) |=2| cos——isin—
Ja=i=2{cos(- F )+ isin(-1) | ~2{cos? -isin’
(Va-if’ = 210(00510%— i sinlogj =512+ 512,/3i
d) Roots: If z=re" isa complex number different from zero and
n is a positive integer, then there are precisely n different

complex numbers W, ,W,,W,,....... W, _, , that are nth roots of z
given by:

- i(2+kgzj
Yre® =frem ") K=01,2. n-1



EX-7- Find the four forth roots of (-16)

Sol.-
7=-16 = r=4/(-16)°+0=16 & 0=tan‘1l=tan‘1l=x

'”2—” i(—+=
416 =416e 4 ¢ =242 k-0123

at k=0 = 1stroot =WO=Zeiz =2(cos—+|stj V2 +4/2i
T

X
I
=
(e}

.3z
at k=1= 2ndroot=w,=2e * =2 cosST+|3| Ssz_ 2 ++/2i
\
e (5 . .5 :
at k=2 = 3rdroot=w,=2e 4 =2 coszn+|smzﬂj=—\/§—ﬁ|
\
TN G R | :
at k=3 = 4throot =w,=2e* =2 COSZ7Z'+ISIHZTL')=\/§—\/§I
\
EX-8- Find the four solutions of the equation:-  z*-2z"+4=0

Sol.-

7' —27°+4=0 = 2° = 2FVa-4x1x4 —1F/3i=>z=FJ1FiV3

2*1
— T 2_
{for ax’+bx+c=0 = x= b¥+b 4ac}
2a
for \/1+i\/§ = r=+41+3=2 and 0=tan‘1%=tan-1T3=%
1st root =w, =262 3 =+/2e'® = 2| cosZ +isinZ =£+£i
6 6 2 2
7
2nd root = w 2e2(3 2”)=\/§e 6”=\/§(C08%ﬂ'+i8in%ﬂ')
__J6 V2.
2 2

for y1—iv/3 = r=4/1+3=2 and 0=tan‘1%=tan‘1£=—1



3rd root = x/_e_ -3 =/2e o =\/§(cos(—%)+isin(—%)j

B V2.
2 2!

L Zior) i27 5 .. 5
4throot =w, =+/2e2 3 =./2e® =\/§(COS€7Z’+ISIHE7ZJ
— ﬁ-l‘Ql

2 2

EX-9- Graph the points z = X + iy that satisfy the given conditions:-

1) |7|=2 2) l|<2 3) 7|>2 4) z+1=z-1

The points on the circle with center
at origin, and radius 2.

Sol y
N D
1)|zl=2 = yX*+y*=2 = x*+y*=4 2 X,
N
-2
y

The interior points of the circle with center
at origin, and radius 2.

2
2)l4<2 = yx*+y* <2 = x*+y*<4 _Zﬁx
O
-2

A
3 lz>2 = Yx*+y?>2 = x*+y*>4 /2

The exterior points of the circle with center -2

at origin, and radius 2. wjz
-2
y

4)|lz+1=z-1 = |[x+iy+1=|x+iy—1

= \/(x+1)2+y2=\/(x—1)2+y2 =
X2+ 2X+14+ Yy =x"=2X+1+y* = x=0 0 X
The points on the y - axis.

v




Problems -9

1) Find the values of:-

a) (2+3i)(4-2i) (ans.: 14 +8i)
b) (2—1)(-2+3i) (ans.: —1+8i)
c) (-1-2i)(2+1) (ans.: —5i)

6
+14i
2) Show that L#] =1 for all combination of signs.

3) Solve the following equation for the real numbers x and vy :-

(3=2i)(x+1y)=2(x=-2iy)+2i-1 (ans.: x=-1;y=0)
4) show that [z|=1z] .

5) Let Re(z) and Im(z) denote respectively the real and imaginary
parts of z, show that:-

a) z+z=2Re
b) z—z=2iIm(z)
|2

¢) [z, +2,| =z, +]z,| +2Re(z, 25)

6) Graph the points z = x + iy that satisfy the given conditions:-

a)z-1=2 (ans. : on the circle with center (1,0), radius 2)
b) [z+1]=1 (ans. : on the circle with center (—1,0), radius 1)
c) [z+i|=|z—-1 (ans. : onthe line y = —x)

7) Express the following complex number in exponential form
with r>0 and —-7z<0<xm :-



a) (1++/-3) (ans.: 4¢3 )

b) el (ans.: e2)

1-i

1+|\/§ iZ
c ans.: e?
NG ( )
d) (2+3i)(1-2i) (ans. : /65" (012))
8) Find the three cube roots of 1. (ans. : —%1 i@)

. . 1 _.1

9) Find the two square roots of i . (ans. : +—2+ |—2)

10) Find the three cube roots of (-8i) .
ans.: —2i ; F3-1)

11) Find the six sixth roots of (64) .
ans.: ¥2 ; 1Fi/3 ; —1Fi/3)

12) Find the six solutions of the equation:  z°+2z°+2=0

(ans. : i/?(cos Eﬂ¢ i sin gﬂ'j
9 9
i/?(—cos%?isin%) ; i/?(cos%niisin%ﬂ))

13) Find all solutions of the equation: ~ x*+4z*>+16 =0
(ans. : 1FiV3 ; —1$i\/§)

14) Solve the equation: x*+1=0

AT B T
(ans. : 2+\/§’ 2+\/§)



